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On the Tong-type identity and the mean square of the error 
term for an extended Selberg class 

Xiaodong Cao, Yoshio Tanigawa and Wenguang Zhai 


Abstract 

In 1956, Tong established an asymptotic formula for the mean square of the er¬ 
ror term in the summatory function of the Piltz divisor function d^{n). The aim of 
this paper is to generalize Tong’s method to a class of Diric.hlet series that satisfy a 
functional equation. As an application, we can establish the asymptotic formulas for 
the mean square of the error terms for a class of functions in the well-known Selberg 
class. The Tong-type identity and formula established in this paper can be viewed as 
an analogue of the well-known Voronoi’s formula. 
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1 Introduction and main results 

Let a(n)(n > 1) be a sequence of complex numbers, which is an arithmetic function. One 
of the most basic goals of analytic number theory is to establish the asymptotic formula 
for the summatory function of a(n), as accurate as possible. Especially it is important to 
study the properties of the so-called error term of this asymptotic formula, such as the 
upper bound, the moments, the sign changes and fl-results, etc. 

One of the important tools in this area is Voronoi’s formula of the error term when 
the sequence a(n)(n > 1) satisfy good conditions, for example, they are the coefficients 
of L-functions of any degree. When a(n) (n > 1) are the coefficients of an L -function 
of degree two, Voronoi’s formula of the corresponding error term is a very strong tool 
to study the properties of the error term. A well-known example is the Dirichlet divisor 
problem. For a survey of Voronoi’s formula, see for example, Steuding [37]. 

However, when a(n ) (to > 1) are the coefficients of an L-function of degree > 3, 
Voronoi’s formula is not strong enough to get good results for the properties of the error 
term. Especially, it fails to give an asymptotic formula for the mean square of the error 
term even when the degree is 3. 

In 1956, Tong [39j established an asymptotic formula for the mean square of the error 
term in the summatory function of the Piltz divisor function d^{n). This is the first result 
in this area for the case of degree 3. Tong’s main ingredient is to replace the error term by 
a corresponding integral such that the difference between the error term and this integral 
is very small on average. 
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The aim of this paper is to generalize Tong’s method to a class of Dirichlet series that 
satisfy a functional equation. Especially as an application, we establish the asymptotic 
formulas for the mean square of the error terms for a class of functions in the well-known 
Selberg class. 


1.1 The Selberg class 


To study a summatory function of a(n) and its error term, we consider the Dirichlet series 
with coefficients a(n) which satisfies a general functional equation. There are many results 
in this direction, see for example, Chandrasekharan and Narasimhan [3], Redmond [42] . 
Hafner [12 EH, Ivic [20], Meurman [36], Lau [33J, Kanemitsu, Sankaranarayanan and 
Tanigawa [29] , Friedlander and Iwaniec |J]. We shall study such a problem for L-functions 
in the so-called Selberg class. 

The well-known Selberg class S (see for example 2(i. i i il ITT ) consists of non-vanishing 
Dirichlet series 


A*) := X] 

71=1 


a(n ) 


n° 


which satisfies the following hypotheses: 

I. Ramanujan’s conjecture: a(n ) <C n £ for any e > 0. 

II. Analytic continuation: There exists a non-negative integer me such that (s — 
l) mc C{s) is an entire function of finite order. 

III. Functional equation: C{s) satisfies a functional equation of type 


( 1 . 1 ) 


Ac(s) = wA £ ( 1 - s), 


where 

L 

(1-2) A £ ( S ):=As)g s n r ( a i s + ^)> 

3 = 1 


and Q > 0, |w| = 1 and aj > 0, /3j € C with Re/3j > 0 for all 1 < j < L. The number 
d = 2 a j is called the degree of C(s). 

IV. Euler product: C(s) satisfies 


V \n>l 1 J 

with suitable coefficients b(p n ) satisfying b(p n ) <S p nc for some c < 1/2. 

Many well-known functions are contained in the Selberg class S. We recall some exam¬ 
ples. The well-known Riemann zeta-function ((s) and Dirichlet L-functions are functions 
in S of degree 1. The product of any £ functions in S of degree 1 is a function in S of 
degree i. So C 2 ( s ) is a function in S of degree 2 and ( 3 (s) is of degree 3. Let f(z) be 
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a holomorphic cusp form with respect to 6 X 2 ( 2 ). If f(z) is an eigenform of all Hecke 
operators, the automorphic L-function attached to f(z ) is a function in S of degree 2. 
The Dedekind zeta-function over an algebraic number field of degree k > 2 is a function 
in S of degree k. 

The extended Selberg class 5^ (see ESI E3 ESI for an introduction) consists of all 
Dirichlet series Xm>i a ( n ) n ~ s which satisfy the conditions I*, II and III, where I* means 

I*: Yln>i a { n ) n ~ s is absolutely convergent for <7 > 1. 

Consider the sum 

A (y) '■= ^2'a(n). 

n<y 

Define Q(y) as the sum of the residues of the function C(s)y s s~ 1 and the error term E(y) 
is dehned by 

E(y) := A(y) - Q(y). 

Estimates for E(x) and \E{y)\ 2 dy were first studied by Vorono’i in 1904 and Cramer 
in 1922 for the special case of the Dirichlet divisor problem respectively, see [521 and [6]. 
Since then this has been generalized for larger classes of Dirichlet series. There are many 
results in this direction, see for example, @ 1 u luma m 02 ma . 

Roton [43] proved that if L E S ^ is a function of degree d > 2. Then 

E(y) < 2/ ( d - 1 )/(rf+i)+£ ; 

which is a generalization of Landau’s classical result [32] . She also proved that if 

l°( n )l 2 < y 1+£ , 

n<y 


then 



E 2 (y)dy < 


T 2 ~ 1 / d 1 if 0 < d < 3, 

T 3_4/d+e j if d > 3. 


1.2 Statements of main results 

Suppose 0 < 9 < 1 is a real number. Let S 9 denote the set of all Dirichlet series C(s) = 
X]n>i «(^)^- _s which satisfy II, III and 

(1.3) I': |a(n)| < n d+£ , ^ |a(n)| 2 < y 1+e . 

n<y 


In this paper we assume that J2f=i Pj is rea l f° r the sake of simplicity. Obviously S C 
S e C 5#. Let S 9 eal denote the set of all functions in S e with real coefficients. 
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Now suppose a(n)(n > 1) is a sequence of real numbers such that its corresponding 
Dirichlet series £(s) € S/ eal and is of degree d > 2. Without loss of generality, we suppose 
that d is an integer. Let 1/2 < a* < 1 denote a fixed real number such that the estimate 

(1.4) [ |£(cr* + it)\ 2 dt -C t 1+£ 

Jo 

holds for any e > 0. We suppose that a* satisfies the condition 

(1.5) a* < (d + l)/2d, 
which plays an important role in our paper. 

Theorem 1. Suppose that d > 2 is a fixed integer, 0 < 8 < 1/2 — 1/2 d is a real number. 
Suppose that £(s) € S/ eal is a function of degree d > 2 such that (11.41) and (11.51) hold. 
Then we have 

fT 3—4cr* 

(1.6) J E 2 (y)dy = C d T 2 ~ l / d + 0 (r 2 - «a—*)-i +e ), 
where C d > 0 is a positive constant. 

Corollary 1 . Suppose 0 < 9 < 1/4 is a real number and C(s) € S^ eal is of degree 2 , then 
we have 

(1.7) E 2 (y)dy = C 2 T 3 / 2 + O s (T 1+£ ). 

Remark 1. When £(s) € S® eal is of degree 2, the result obtained by Voronoi’s formula is 
sometimes stronger. See for example, Meurman [36] or Lau and Tsang [34] in the case of 
Dirichlet divisor problem. We note that the error term in the asymptotic formula (11.71) is 
best possible when disregarding e. 

Corollary 2 . Suppose 0 < 8 < 1/3 is a real number. Let C{s) € S/ eal is a function of 
degree 3 such that £(s) = £i(s)£ 2 (s), where £i(s) G S/ eal is a function of degree 1, and 
C 2 {s) G S/ eal is a function of degree 2. Then we have 

(1.8) £ E 2 (y)dy = C 3 T 5 / 3 + O e (T 8 / 5+£ ). 

Furthermore if we assume that 

(1.9) [ (£ 2 ( 1/2 + it)\ 6 dt <C T 2+£ , 

Jo 

then we have 

( 1 . 10 ) s: E 2 {y)dy = C 3 T 5 / 3 + O e (T 14 / 9+£ ). 
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Remark 2. The assumption (11.911 for degree 2 L-functions is very natural. The first result 
in this direction is the twelfth power moment of the Riemann zeta-function £(s) (the 
sixth moment of £ 2 (s) over the critical line) due to Heath-Brown [16]. Meurmann [38j 
proved the twelfth power moment for any Dirichlet L-functions. From Heath-Brown [TB] 
and Meurmann [38j we see that (USD holds for Dedekind zeta functions of quadratic 
fields. From [25] we know that (11.91) holds for the automorphic L-functions attached to 
holomorphic cusp forms. 

Remark 3. Tong [?9j first established Theorem 1 for the Piltz divisor problem of dimension 
d > 3, which becomes a true asymptotic formula when d = 3. Fomenko m followed Tong’s 
method to study the case of the Dedekind zeta-function of cubic fields. 

Theorem 2. Suppose that d > 2 is an integer, 0 < 9 < 1/2 — 1/2 d is a real number. 
Suppose that £(s) € S e real is a function of degree d such that m and (USD hold. Then 
the error term E(t ) has a distribution function f(a) in the sense that, for any interval 
lcM« have 


T 1 mes{t € [ 1 ,T] : t ^ d l ^ 2d ^E(t) € 1} —» J f(a)da 
as T —»• oo. The function f(a) and its derivatives satisfy 

f jk 

^f(a) «A,k (1 + \a\)~ A 

for k = 0, 1 , 2 , • • • and f(a) can be extended to an entire function. 

Corollary 3. Suppose 0 < 9 < 1/2 — 1/2 d is a real number. Suppose that C(s) € S® eal is 
a function of degree 2, or is a function of degree 3 such that it can be written as a product 
of a function of degree 1 and a function of degree 2, then Theorem 2 holds. 

Theorem 3. Suppose that d > 2 is an integer, 0 < 9 < 1/2 — 1/2 d is a real number. 
Suppose that C(s) G S® eal is a function of degree d such that OD and OD hold. Then 
for any real number 0 < u < 2 , the mean value 

lim T " 1 -/ \E{t)\ u dt 

T-yoo 

converges to a finite limit as T tends to infinity. 

Corollary 4. Suppose 0<(9<l/2 — 1/2 d is a real number. Suppose that C(s) € S® eal is 
a function of degree 2, or is a function of degree 3 such that it can be written as a product 
of a function of degree 1 and a function of degree 2, Then Theorem 3 holds. 
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1.3 A remark on Tong’s method 

The most important tool up to now to study the behaviour of E(y) is Voronoi’s formula, 
which is usually of the form 

(1.11) E(y) = ^ cos (c 2 (ny) 1/d + c 3 ) + 0(2/^ +e N~^), 

n<N n 2d 

where ci,C 2 ,c 3 are constants and 1 C Af < !/. For a proof of the above general formula, 
see for example Friedlander and Iwaniec [9]. Roughly speaking, this formula gives a 
good approximation to the error term, which is usually a finite exponential sum, plus a 
“permissible small” error. 

When d = 2, the formula (11.111) is strong enough for us to study the properties of 
E(x). For example, its upper bound, power moments, sign changes, etc. A good example 
is the Dirichlet divisor problem, see for example, the survey paper Tsang m- 

However when d > 3, the error term in (11.111) is always y 1 2 / rf+e , which is much 
larger than the expected order y( d ~ 1 )/ 2d . So (II.lip can’t be used to study the asymptotic 
behaviour of power moments of E(y), even for the mean square. 

In [381 . 149] . Tong developed a method to study the mean square of the error term in the 
summatory function of the Piltz divisor function d^(n), which denotes the number of ways 
such that n can be written as a product of £ natural numbers. When £ = 3, Tong’s method 
gives a true asymptotic formula of the mean square of the error term A 3 (y). Tong’s main 
ingredient is to replace the error term by a corresponding integral such that the difference 
between the error term and this integral is very small on average. 

The aim of this paper is to generalize Tong’s method to the general case. Actually we 
shall generalize Tong’s method to a class of functions much more general than S® eal . As 
applications, we establish the asymptotic formula of the mean square of E(y ) for functions 

in S reaV 

1.4 Organization of this paper 

The organization of this paper is as follows. In Section 2 we shall introduce a class of 
more general functions. In Section 3 we give some preliminary lemmas about the so- 
called generalized Bessel functions. In Section 4 we shall establish a Tong-type identity 
for the corresponding error term E{y). As some simple applications of the Tong’s identity, 
in Section 5 we give a lower bound for integrals involving E(y) and study the small 
values of E(y). In Section 6 we shall establish a truncated Tong-type formula for an 
integral involving E(y). In Section 7 we shall estimate some exponential integrals, which 
are important in the proof. In Section 8 we shall prove Theorem 1. In Section 9 we shall 
prove Theorem 2 and Theorem 3. In Section 10, we give some examples. 
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2 A class of more general arithmetic functions 


For future applications in mind (e.g. 121 ), we shall derive a Tong-type identity of the error 
term for a more general class of functions than that of Selberg class. In this section, fol¬ 
lowing basically to Chandrasekharan and Narasimhan Iasi and Hafner m, we introduce 
such a class of functions. 

Definition. Let |a(n)} and {b(n)} be two sequences of complex numbers, not identically 
zero. Let {A n } and {n n } be two strictly increasing sequences of positive numbers tending 
to infinity. Suppose that the series 

oo oo 

¥>(«) = Y a ( n ) A n S > V'(s) = Y b ( n ^n S 

n =1 n=l 

converge in some half-plane and have abscissae of absolute convergence a* and a respec¬ 
tively. Define two gamma factors 

N 

(2.1) A 1 (s) = l\T(a j s + /3 j ) 

3 = 1 


(2.2) A 2 (s) = []rK s + tt 

h=l 

where aj and a' h are positive real numbers and f3j and /3' h are complex numbers. We 
assume throughout that 

N N' 

(2.3) a:=Y a J = Y a 'h- 

j=1 h= 1 

Let r be real. We say that y? and satisfy the functional equation 

(2.4) Ai(s)<^(s) = A 2 (r - s)tp(r - s) 


if there exists in the s-plane a domain D that is the exterior of a compact set 6 (we call 
it a “singularity set”) and on which there exists a holomorphic function x( s ) (s = cr + it, 
a and t real) such that 


(i) lim x((T + it) = 0 

\t \—>-oo 

uniformly in every interval — oo < < a < a 2 < +oo, and 


(ii) x(s) = 


Ai(s)<^(s) for a > a * a , 

A 2 (r — s)'0(r — s) for a < r — 


Finally suppose that both tp(s ) and have only a finite number of poles on the complex 

plane C. 


Remark 4. When Ai(s) = A 2 (s), we get the class of functions defined in Chandrasekharan 
and Narasimhan [am- Clearly any function in the extended Selberg class S # satisfies the 
functional equation of the form (12.41) . 

Remark 5. There are many other arithmetic functions in the above class but Ai(s) ^ 
A 2 (s). One example is the well-known asymmetric many-dimensional divisor problem. 
For a survey of the asymmetric many-dimensional divisor problem, see Kratzel m or Ivic 
etc. |23] , A forthcoming paper [2] in this direction is in preparation through the approach 
of this paper. 

From now on we always assume that a(n),b(n) are real. We suppose that there are 
infinitely many n such that |a(n)| 3> 1 and the same holds for b(n). 

For y > 0 and a real number g, we define the summatory function A Q {y) of the 
arithmetical function a(n) by 

A e(y) = + ^ °( re )(y - 


where the symbol / indicates that the last term has to be halved if g = 0 and y = \ n . 
When g is negative, A e (x) is defined only for those positive y not equal to any X n . 

Let so = sup{|s| : s € 6}, where & is the ’’singularity set” in Definition, and 
to = max{|^-|, \^t\ : j = 1,2,..., N, h = 1,2,..., N'}. Choose two constants c > 
max{ a*, a^, so, to} aR d R > maxjso, to}- Choose the third constant b Q such that 
r — b is not an integer and b > maxjc, r}. We choose a < min{cr^ — §, 5 — 9 ^}- In fact a 
will be chosen to be small so that the relevant integral converges absolutely. 

Let C be the rectangle with vertices c±iR and r — b±iR, taken in the counter-clockwise 
direction. For convenience, we shall use C UjV to denote the oriented polygonal path with 
vertices u — ioo, u — iR, v — iR, v + iR, u + iR, and u + ioo in this order. 

We define the residual function or the main term 


(2.5) 


Q e (y) 


_L [ r(s)<p(s)ye+* 

2m J c r(s + £>+ 1) 


From our choices of 6 , c and R, the path C encircles all of S. By the residue theorem 
we have 


(2-6) Q e (y) = ^2y Q+s iP Sj {logy), 

S 3 

where Sj runs over all the poles of r(s)(^(s)y £l+s /r(s-|-^-|-l) insideC, P Sj (t ) is a polynomial 
of t such that its degree is the order of the pole Sj minus 1 . 

We define the error term in the asymptotic formula for A e (y) as 

E e (y) = A e {y) - Q e {y). 

As for 'ip(s) we define similarly that 

A * e (y) = TY l n h ^ y ~ 

Vn<J/ 
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Similarly to (12.61) we have 



km = A » - «;(#)• 


= sv) 


S . 


where Sj runs over all the poles of r(s)-i/ , (s)y £l+ ' s /r(s + ^+l) inside C, P* (t) is a polynomial 
such that its degree is the order of the pole Sj minus 1. 

When q = 0, for simplicity, we also use the following notation 


My) = A o (y) 

A*(y) = A* 0 (y) 


Q(y) = Qo{y), 

Q*(y) = Qo(y), 


E{y) = E o (y), 

E*(y) = E* 0 (y). 


We suppose that a* < is a real number such that the estimate 
(2.7) J \ip(cr* + it)\ 2 dt <C T 1+e 

holds. Since there are infinitely many n such that b(n) S> 1, we have a* > 0. We also 
suppose that ip(s) doesn’t have any poles in the region a < a*. 

3 Some preliminary lemmas 

We shall prove a fundamental lemma of the asymptotic expansion of the integral which 
we need later. First we recall the well-known Stirling’s formula for gamma function. 

Lemma 1 (Stirling’s formula). Let c be a constant. Then there exist some constants 7 j 
and 7' depending on c such that for any positive integer m, 


(3.1) 



glm+1 


1 


and 


(3.2) 



uniformly for \ arg s| < 7r — 6 for fixed 5 > 0, as |s| —>• 00. 
The constants 7 j in (13.11) are given explicitly by 


(-rVc) 

3 j O' +1) 
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where Bj(x) is the Bernoulli polynomials of degree j. See for example, Wang and Guo 
|5J, p. 123 (5)] and see also A. Erdelyi et al. [8]. 

For two gamma factors Ai(s) and A2(s) defined by (12.11) and (12.21) . respectively, we 
define 


(3.3) 

(3.4) 

(3.5) 


N / 1 

f = E(ft-2 

5=1 V 

N / l \ 

= - 2 ) 1()g “ J; 

5=1 v 7 

N 

T = J2 a i log a i> 

5=1 




N' 

t' = ^ a' h \oga' h . 
h= l 


Furthermore we define 


(3.6) 


r 

2 


s; + i> 


2 a / 2a 


and 

, / 

_ T+T 

h = 2ae 2 a . 

Let C a ,b be a curve defined in the previous section such that all poles of A2(s) lie in 
the left hand side of C a b- If and (3' h are real, this condition means that b is greater than 
the maximal pole of A2(s). 

Lemma 2. We assume that 


(3.7) Ai(s) = Ai(s) and A 2 (s) = A 2 (s). 

Let id be a real number and M an integer. Let a be a real number such that 

( qo ) ^ r h' -p + aj + M+1 

(3.S) a < -- - -. 

Let V be a domain such that 


V = C\{s € C | Re s < b 1 , |Im s\ < R'} 

with some constant b' and R'. We suppose that V D C a $, and furthermore if co ^ 0 we 
assume that b' > 0. Suppose that a function F(s) is regular in the domain V and has an 
asymptotic expansion 

OO j 

(3.9) F(s) ~ s M ^2 + 0) 

n=0 S 
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with real coefficients d n as |s| —>• oo. Let T{x) he the function defined by 

A 2 (s) 


(3.10) 


l(x) := 


C a ,h Ai(r-s) 


s u F(s)x S ds. 


Then for any positive integer m we have an asymptotic expansion 

m _ i 

M-k+4 

v 

k =0 


T(x) = 2 iC ^^CkX 2“ cos (hx^a — Ofc7rj + O ( x 


where 

(3.11) 


M = y! — /x — ar + u + M, 

a k = ^ i^M + u)-k + ar + iu + fj,'-^J , 

, , n'-n , 

c = ( 27 r) 2 e 


N'-N , (t+t')(M+^) 

——— v —v—rr -=- Al¬ 


and Cfc are real constants which do not depend on x. In particular 

Co — —f=dQ 

'a 


and 


ci = 




B 2 (ajr + Pj) 


a. 

h =1 " 


1=1 


O', 


+ di > , 


where B 2 (x) is the Bernoulli polynomial of degree 2. 


Remark 6. This lemma is a generalization of Theorem 3 in Tong [48J. But Tong omitted 
the proof of his Theorem 3. 

Proof. We note first that the integral 113.101) is convergent absolutely under the condition 


We derive an asymptotic expansion of the integrand of (13.101) . Here for simplicity we 
use the symbol ~ to denote that the right hand side of ~ is an asymptotic expansion of a 
function in the left hand side. 

Consider A 2 (s) first. By (13.21) . there exist constants b' h such that 

N ' f h' h' \ 

A 2 (s) = IJ T{a' h s + /%) ~ (2? r ) N ' /2 exp (32(a)) (l + — + -§ + ■■■), 

where g 2 (s) is given by 

.92(s) = + Ph ~ ( lo § s + lo S a h) ~ 
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= ^as + n' — ^ log s + (t — a)s + v . 


Similarly we have, with some constants b”, 


Ai(r — s) = r(-«jS + ajr + (3j ) 
j 

~ (Svr)^ 2 exp( 5 i(s)) ^1 + y + ^ + ■ ■ • ^ , 


where 51 (s) is given by 
N 


9 i(s) = ^ | (-a-jS + ajr + 0 (log(-s) + log a., ) + a^s j 


= ( —as + ar + p — — ) log(—s) — (r — a)s + rr + za 


In particular 


b[ = - V and b'l = -- V S2( “ /r + ^ 


JV 


a,- 


By using 

log(—s) = log s — 7ri sgn(i) 

for non-zero and non-negative s, where f = Ims, we can see easily that 

g(s) : = g 2 (s)-gi(s) 

= (2 as + g! — n — ar) log s — irias sgn(t) 


+ 7T % ^a?’ + g — sgn(t) + (r + t' — 2a)s + z/ — z/ — rr. 


Combing these formulas we find that with some constants p n , 
A 2 (s) 


Ai(r - s 


-s w F(s)x 


(2tt)^ n '~ n ^ 2 exp(g(s))e~ slogx ( 1 + ^ + ■ ■ ■ ) (1 + ^ + ■ ■ ■ 


b'( 


di 


x s“ +M d 0 + - + 
s 


= {2n)( N '~ N V 2 exp{g(s))e- slogx s u+M 


n =0 
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By (13.711 and the assumption that d n are real, we have 


f A ^ 

lc a , b n{s\t>o} Ai(r - s ) 


s LJ F(s)x~ s ds = — 


f A 2 (s) 

'C a>6 n{s|t<o} Ai(r - s) 


s u F(s)x S ds, 


hence in order to evaluate Z(x) it is enough to consider the case t > 0 and take the 
imaginary part. So we suppose that t > 0. Let 


/(s) = 2 as log s + (r + r' — 2a)s — nias — s log x. 


Then 

(3.12) 


a 2 (a) 
Ai(r — s) 


S UJ F(s)x~ S ~C' 0 e 7ri(ar+M_1 / 2) exp (/(*)) ^ 


n=0 


where we put 
Now let 


CO = 


y := xe *■ T+T \ 


We define the new parameters w, £ and rj by 


S = y 2a w 

w = i( 1 + £), |£| small 

T] 2 = -2m ((1 + £) log(l + 0 - 0 . 


The branch of ?y will be taken as 

j}/2 

a = m= ’ 


l/2„ x /-1/2 


V 


2 / T /9 \ 3 

1 ( i 1 / 2 ? 


n 


a 


72 


+ 


a 


fa 6 \ 

Let 5 be a small constant. We put 

w\ = u\ + iv i = i( 1 + £(-<5)) w 2 = U 2 + iv 2 = i( 1 + £(5)). 
Dehne the paths of integration by 


£o = js | s = yi<*i(l + ^(ry)), —5<r)<8 

C\ = |s | s = + u>), 0 < v < ui| 

C -2 = js | s = y^{ii 2 + iv),v > V 2 j • 

By Cauchy’s theorem and the remark above, 

Z(*) = 2iJ> / x- A2(5) 


} 


1=0 


L (r - s) 


s tJ F(s)x S ds. 
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First we consider the integral 


Jo — 


A 2(8) 


-s UJ F(s)x- s ds. 


I Co Ai (r-s) 

From the above choice of parameters, we have 

/(s) = 2 as log s — 2 as — Trias — s log y 
= 2ay^i{l + £)(log(l + £) - l) 

= -2ay^i + 2ay2^7^(l + £) log(l + £) — . 

Therefore we have 

A2O) 


Ai(j— s) 


s u F(s)x~ s = C 0 e~ 2«y= e «(ar+At-i/2) exp(-y^r / 2 ) 


M—n 


n =0 


where M is defined by ( 13 . 111 ) . In terms of the parameter 77, we have 


OO OO 

„M—n 


J2 P nS™ n = ^Pn(iy>°‘{ l+0) 


M—n 


n =0 


n=0 


^ _ (M — n)(M — n — 1 ) 2 

2_>n(zy 2 “) M n l + (M-n)C + --^- -£ 2 + 


n=0 

00 


E ,. L \ M mli ,-r, {M— n)(M— n — \) (i 2 ji 

Pn(iy^) M ~ n [ l + (M-n)-i + ^-^2-— 


n=0 


+ 


a 


and 


hence 


1 

1 * 2 


ds = iy 2« d£ = iy 2a —— 1 + 


7277 777 


3 -y/a 24 a 


+ • • • drj, 




\n=0 


n =0 


1=0 


with some real constants g n j. 

Now take the integral of 77 over [—< 5 , < 5 ], The terms of odd powers of 77 vanish. By using 
the well known formula 


J* g e~ ar>2 y 2h d V = a-b-^Fih + 1/2) + O s , h ^ 


a5 2 


a > 0, 
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we find that 


'Co 


exp i-y 2 «?? 2 j ^2p n s AI n ds 


n =0 


oo oo 

~ ^2^2pnq n ,2h [ly** 

n= 0 h =0 
oo oo 


l \ M-n+1 1 , , 1 2 


l 2 


/—<5 


T] dr] 


v—-v ^—-\ / i \ M— ro+1 i , / ^+^7 

* 2+ y 2 Q “ r(/z + 1 / 2 ) + o 

n=0h=0 


k+'Z . 


;-y^“ <5 2 

1 

y 2a 


EE Pn?n,2/ir(/l + 1/2)* 


O M — 71 — /l-(- 

M-n+4+/i -2. 


y 2a + O 7/ 2a e 


n=0 /i=0 

Hence for any m > 0, we get 


Jo — Coe 
where we put 


„ . J- ■, . l, x—. 3 M-fc+i / M-m- 1/2 

_ ^(oir+n-^) C ' k i M ~ k+ 2 -- L 


! y 2a +C;(y 2a 


fc=o 


4= Pngn,2ftr(/r+ l/2)(-l) ? 

n+/i=/c 

Next we consider the integral on £ 2 . Let 

A 2 (s) 


h -J 

From the definition of £ 2 , we have 

/*Cx 

|J 2 |< / 


£ 2 Ai(r-s) 
A 2 (s) 


s ul F(s)x S ds. 


s ul F(s)x 


y 2 a dv 


Ai(r - s) 

with s = y^w, (w = U 2 + iv). By using (13.121) . the above integrand is bounded as 

< exp(/(s))|. 


Since 


f(y 2a w) = 2ayz<*w — log y + logic — 2 ay 2 « w — may 2 <*w — y 2a wlogy 
2 a 


iri 


= 2 ay 2 « ( w log w — w ——w 


we find that 


M+l 


| J 2 | < X U2 y 2 a 


max G(u 

V2<V<00 


poc 

)/ 

*/ L>2 


ic| 2 dv, 
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where we put 


G(v) = v M+2 exp ( 2m/2a Re w log w — w —— w 


m 


We shall see that G(y ) is a decreasing function. Differentiate G(v ) with respect to v, then 
we have 


-^-G(u) =v m +i exp 
au 


2m/ 2a Re 


7 T 2 


re log w — w ——w 


x 



Note that 


lim v ( arg w 

v —^OO V 



— U 2 > 0. 


Therefore for sufficiently large x (hence for sufficiently large y), G(v) is a decreasing 
function. Thus G(v) attains its maximal value at v = V 2 , namely, we have 


M+l 


IJ2I <Cx U2 y 2a exp I 2ay2aRe 1 w 2 


m 

log W 2 ~ 1 - — 


Let 


Then 


5 2 


7 T 

arg W 2 > -• 


Re 



m 

log w 2 - 1 - — 


u 2 (log \w 2 \ - 1) - v 2 ( 82 



which is a constant smaller than 0 (since 5 is also small). Consequently J 2 is exponentially 
decayed as x —>• 00. 

Similarly it is shown that J\ is also exponentially decayed as x —>• 00. 

Collecting these formulas, we get 


J : = 


f A 2 (s) 

1 C 0 +C 1 + C 2 Ai(r-s) 


s bJ F(s)x S ds 


— e ni(ar+ii-\) 


J2c> k i M -^y^+0[y 


k =0 


M-m-1/2 
2 a 


for any m. Noting that T(x) = J — J and y = xe ( T+T '\ we conclude that 

M-fc+4 / 1 / _ 1\ 7f 

Z(x) = 2iCo d k y 2a sin ( —2m/2a + I M — k + 2ar + 2 y + 


/c=0 
M—m— -r 

+ O (y 2^ 


2 2 
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^ M — fc + -r { / l\ 7f \ 

2iCoe 2a ' c k x 2a cos (/1x2a — iM + w- A; + ar + // + /i — - 1 — I 
fc=o ^ ^ ' ' 


+ O X 2a 


where we write 


(r+r') , 

Cfc = c k e 2 a K . 


This completes the proof of Lemma 2. 


□ 


Lemma 3. We assume (13.71) in Lemma 2. Let F(s) be a function which satisfies the same 
assumptions in Lemma 2. Define the function J ( x ) by 


J(x) 


i r r (r 

27ri JC a , b r(r + /> 


s)A 2 (s) 
s)Ai(r - 


») 


F(s)x S ds , 


with real g. Then there exist constants ai and ci such that for any positive integer m, we 
have 


(3.13) 


E M — l “I - 1/2 ivi — m — i. / a ^ t ^ 

agx 2S cos (Lx 2^ + Q7r) + 0(x ^ ) + 0{xT ) 


M-m- 1/2 


i=0 


where 

If we take b large, we have 
(3.14) 


M = pi — p — ar — g + M. 


u, r — ll — a>r — p-\- M -\-l / 2 

J(x) < x-2a- 


Proof. The right hand side except the last error term in (13.131) are obtained by putting 
iv = —p in Lemma 2. When we deform the path of integration C a j, to the path CqDC\UC 2 
and its complex conjugate, it may pass across the poles of T(r — s) greater than b, but 
they are finite depending on m. Hence the contribution from these poles is 0(x~ b ). The 
assertion (13.141) is obtained by taking m = 0 in (13.131) . □ 

We note that if F(s ) = P(s)/Q(s ) is a rational function of s, we can take M as 
M = deg P — deg Q. 


Lemma 4. Let x > 0 and g > min{2aa — ra + p! — p, —1}- Define the function f e (x) by 

f e (x) = ^~ [ G e (s)x r+ ^ s ds 


where 


G g (s) — 


T(r — s)A 2 (s) 


T(r + g + 1 — s)Ai(r — s ) ’ 
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Then 


^fe+ lO) = f e (x) 

and for any non-negative integer m, we have an asymptotic expansion 

m 

(3.15) fgi x ) = ^ KlX de ~ 2^ COS (jlX^ + Q7T^ + O ^ X° e 2 S - -f x r+0 ~ b ^j , 
Z=0 


where 


If, 1 \ Z 

Q = ~2V +/i + ra + £ + - I + - 
and ki are constants. In particular, 


and 


where we put 


k 0 = 


ki=k °i 


2 a / 1 ({p' — p — ar — g — l) 2 1 


•%(/%) . ^ B 2 {a j r+I3 j ; 


1=1 


h=l 


24 1+jB )’ 


— B 2 (r) + B 2 {r + g + 1) . 


Proof. (13.151) is obtained from Lemma 3. The other assertions are calculated explicitly by 
using Lemma 2. □ 


4 The Tong-type identity for the error term 


In this section we shall prove the Tong-type identity for the integral (or multiple integral) 
of the error term E g (y), which is a generalization of Theorem 1 in Tong [48j for the error 
term in the Piltz divisor problem. The main result of this section is 

Theorem 4. Let x > 1, L > 0. Suppose that 


q + k > 2aal — ar — — + p' — p. 


Then for x + ky > 0 we have 



E g {x + yi-\ -f- ijkfdyi ■ ■ ■ dy k 
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E w n ) ry ry 

~F+d / ' " / fs + 2/i H -1- 2/fe)Mn) ^2/1 • • • dy k 

, ,-,/in JO J 0 

/ e +fc((® + jy)Vn)- 


Hn<L Vn 
k 

i=o 


K n ) 
j7 


l-Ln^>L • 


Remark 7. Cao [T] and Fomenko HU used Tong’s idea in [38] to study the asymmetric 
many-dimensional problem and mean value theorems for automorphic L-functions, respec¬ 
tively. 

Proof. We assume first that g > 0 and g + k > a(2c — r) + // — y. Then by Perron’s 
formula (see, Ivic [T9] (A.8) and (A.4)]) we have 


1 I'C+ioo 

A *& = 2rtJ ■ 

Jc —zoo 


r(s)</?(s)x s+£l 


ds, 


r(s + g +1) 

where c is the constant chosen in Section 2. By the residue theorem and (12.51) we have 


E e (x) = 


1 f T{s)y{s)x s+S 
T(s + 0+l) 


ds, 


and 


rx 

i 


E e (u)du = 


T(s)yj(s)x 


s+e+i 


27 ri 


Cc,r—b 


r(s + g + 2 ) 


-ds + ci 


with some constant ci. By induction we deduce 

ry rx+y rx 

/ E e (x + yi)dyi= / E e {u)du- / E e (u)d 
Jo J Ai JAi 


' Ai 

1 

27TZ 


—b 


T(s)v?(s) ((x + r/) s+e+1 - x s+£,+1 ) 

r(s + + 2 ) 


ds, 


and 

(4.1) 


ry ry 

/ ••• / E e {x + yi -h y k )dyi ■ ■ ■ dy k 

Jo Jo 

r 0M s ) 

\ ry ry r 

= 7T~ I ■ dy 2 ---dy k - 

2 - 7 T 7 J 0 7 o Jr r _ b 


[(x + y+E yj) s+Q+1 - (X + E dj) s+f,+1 J 

V 1=2 1=2/ 


r(s + p + 2 ) 


ds 
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Furthermore, under the condition g + k > a(2c — r) + // — (jl. we can change the path of 
integration in (14.11) to C r _ C!r ._b, and by using the functional equation along with a change 
of variable from s to r — s, we have 


i r r{ s )y{s)u s+g+k 

2vr * Jc c , r _ b T(s + g + k + 1) 



G e+k (sMs)u r+ e +k ~ s ds 


(u > 0 ). 


Since b > c > a£, ip(s) is expressed as a Dirichlet series. Exchanging the order of summa¬ 
tion and integration, we get 


(4.2) 


E 


b(n) 





G e+k (s)(u» n y + e+ k - s ds = jr -^f e+k ( U y n ) 

n=l d"n 


for a < c. Since f g+ k{u^ n ) -C (ufi n ) 6 e+ k , the series ([4. 21) converges absolutely if 

(4.3) g + k > 2 aal — ar — — + yl — y. 

Thus under this assumption, the exchange of the order of summation and integration is 
justified and the equality 


(4.4) 



is valid under (14.31) . 

Finally we note that if min{n, u + y} >0, then for any non-negative integer j we have 

(4.5) f f e+j ((u + y 1 )y n )dy 1 = j dyi^— f G e+j (s) ((u + yi)y n ) r+e+:, ~ s ds 
J 0 w0 J C a 5 

= 1 f T(r — s)A 2 (s) 

2 t xinn Jc ab T(r + g + j + 2- s) Ai(r - s) 

X («u + yi)li n ) r+e+j+1 - s ~ (ufx n ) r+ ^+ l - s ) ds 

= — (fe+j+ i( u + y) - fe+i+ 1(«)) • 

k"n 


■ dy k 
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By induction we get 
(4.6) 



Theorem 4 follows from (|4.4I) and (14.61) at once. 


fe+k ((x + jy)nn ) • 


□ 


5 Large and small values of E g (y) in short intervals 


In this section we shall study the large and small values of the error term E g (y ) for y in 
some ’’short” interval. We always suppose that a > 

We first state some conditions. 

(Al) b(n ) <C e yE 1+£ for some t\ > 0 and b[n ) 3> 1 for infinitely many n. 

(A2) n h <C /i n n h for some 0 < h, and y^ — yf mE — n hc for 0 < c < \ and m > n. 
(A3) a(n) <C e A n +£ for some i > 0 and a(n ) 1 for infinitely many n. 

(A4) o(n) > 0 for all n € N and o(n) 1 for infinitely many n. 


Theorem 5. Let A > 1 be a fixed real number. Assume that the conditions (Al) and (A2) 
hold. Then there exists a constant B > 0 such that for x > xq and Bx 1 ^ ^ < U < x we 
have 


rx-\-U rx 

(5.1) J \E g (y)\ x dy » x X9e U, j \E e (y)\ x dy ^ x 1+xe fi 


where 9 e is defined by (3.6). In particular 
r x+U 

(5.2) 


rx-\~ u rx 

J \E e (y)\dy 3> x° e U, J \E g (y)\dy > x l+6s 


Theorem 6. Under the conditions (Al) and (A2), there exist two positive constants B 
and B' such that for x > xq, we have 


max ±Eg(y) > B'x 9e . 

x<y<x+Bx 1 ~'^ci 


Furthermore we have: 


(i) If the conditions (Al), (A2) and (A3) hold, then there exists a point x* £ [x,x + 
Bx 1 - 2^] with |I?(x*)| <C x (+£ and E(y) is continuous at x*. 

(ii) If the conditions (Al), (A2) and (Af) hold, then for any t with |f| < B'x e ° there 
exists at least a point x* € [x , x+Bx 1 - 2^] such that E(x*) = t and E(y) is continuous 
at x*. 
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Remark 8. Tong [48j first proved Theorem 6 for the error term in the summatory function 
of the the general Piltz divisor problem dg(n) for any l > 2. A. Ivic |2U| studied the general 
case for Ai(s) = A2(s). Our result here provides a new proof of Ivic’s result. 

Remark 9. When g > 0, E g (y ) is a continuous function of y. Then for any t with |t| < B'x de 
there exists at least a point x* € [x, x+Bx 1 ^^] such that E(x*) = t and E(y) is continuous 
at x*. 

Remark 10. For E*(y), we have similar results. Suppose that {A n }(n > 1) satisfy 
(A2*): n h * n h * for some 0 < h*, and — yfl m h * c * — n n * c * for 0 < c* < jp? 

and m > n. 

So we have the following results: 


(1) If (A3) and (A2*) hold, then Theorem 5 holds for E*(y) with 6 g replaced by 


e 


/ 

e 


r 

2 


4a 


+ Q 



+ 


2 a 


(2) If (A3) and (A2*) hold, there exists two positive constants B and B' such that for 
x > x 0 , we have 

max | ±E*(y) > B'x e e. 

x<y<x+Bx 1 — ^a 

(3) If the conditions (A3), (A2*) and (Al) hold, then there exists a point x* € [x,x + 
Bx 1 - 2^] with |£'*(x*)| <C x ll+£ and E*{y) is continuous at point x*. 

(4) If the conditions (A3), (A2*) hold, b(n) > 0(n > 1) and b(n) 2> 1 for infinitely many 
n, then for any t with |t| < B'x e o there exists at least a point x* € [x,x + Bx 1- ^] 
such that E*(x*) = t and E*(y) is continuous at point x*. 


Proof of Theorem 5. We let k be a fixed large integer such that v = r + g + k — d Q+ k > 
+ 1/2. Therefore the series 


git) = “TT cos (^hn ) 2 " + c 0 vr] 

r Tn ^ ' 

n =1 11 

is absolutely convergent. By Lemma 2 of Ivic [20], there exist two constants B' > 0, D' > 0 
such that for x> xq every interval [x,x + D'x 1 ^ 2 ^] contains two points X\,X2 for which 

9 (x l) > B', g(x 2 ) < -B'. 

Take U' = where c' be a constant to be specified below, and x* = Xj for j = 1 

or 2. Applying Theorem 4 with L = 0, Lemma 4 and (14.51) we have 

rU' ry ry 

/ dy ■ E e (x* + y\-\ -h yk)dyi ■ ■ ■ dy k 

Jo Jo Jo 
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= f fE(-D fc -G) + »)*.)] * 

J0 \j =0 VJ/ n =1 dn ) 

= (-1 ) k K 0 {g + k)U'g(x*)(x*) 9 e+ k + O (u'x^+ k ~^ 

+ ^2 - r - f ^2 r+i+fc+1 Uk+Q+l {i x * +jU')n n ) - f k+Q+ i(x*fi n )) 
j =1 J ' n=l d n 

Using Lemma 4 again we obtain 



rU' 

rv 

ry 

(5.3) 

dy •• 

■ / E e {x* + 2/1 H-b yk)dyi ■ ■ ■ dy k 


Jo 

Jo 

Jo 


> ( x*) Be+k+1 [ckq(q + k)B' + O ^ 

/ kU'\ de+k+1 ' 

—kq(q + k + 1)2 (r + Q + k + 1 — dg+k+i) ( 1 H —~ J 

where ipi(s) = ^ ow we can choose a constant d such that 

, , , no {g + k + l)2 fc+2 ^i(r + £> + k + 1 — 9 e+k+ i) 

<5 ' 4) C >- Kois+ k)B' -' 

Combining (15.311 and (15.411 we have for some constant Bq > 0 as x > xq 

rU' ry r y 


(5.5) 


BqX e+k+1 < 


rU ry ry 

/ dy ■ E e (x* + 2/1 H-b Vk)dyi 

Jo Jo Jo 


dy k 


rU' ry ry 

< dy ■ \E e (x* + 2/1 H-b Vk)\dyi ■ ■ ■ dy k 

Jo Jo Jo 


rU' rU 


< 


rU ry ry 

dy / \E g {x + y\)\dyi / ••• / dy 2 ---dy k 
Jo Jo Jo 


Jo Jo Jo 

rx+U 

< x / \E e (y)\dy, 

J X 

here U = (k + 2)C/ / .This proves the first assertion in (15.21) . 
Next, we have 


i; 


\E e (y)\dy > 


1 

2 B 

E 

3=0 


l 

25 


’f+O'+l )Bx 1 


l 

'25 




l 

'25 


\E e (y)\dy > x^ 


n -|_ 

x e x 2 “ 


= X 


1 + ^0 


and this completes the proof of the second assertion in (15.2D . 
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By Holder’s inequality and (15.21) we immediately get (15.11) . 

Proof of Theorem 6. Similarly to (15.51) we see that for j = 1,2 

rU' ry ry 

rjfe+k+i « m axdz / dy ■j E g (xj + yi H-h y k )dy\ ■ ■ ■ dy k 

Jo Jo Jo 

fU' ry ry 

< max ±E e (y) x dy ■■■ dy 2 ■■■ dy k . 
x<y<x+U Jo Jo Jo 

Hence for x > xq 

(5.6) max ±E g (y) x° e . 

x<y<x-\-U 

When q = 0, for every interval [x,x + 2 U], it follows from (15.61) that there exists two 
points y', y" E [x, x + 2 U] such that 

E(y') > 0,E(y") < 0, y'<y". 

If the condition (A4) holds, then Q(y), which is the main term of the summatory 
function a(n), is of the form (2.6) with g = 0, always positive and increasing. And the 
function E(y) is a continuous and strictly decreasing in each interval (A n , A n+ i). Moreover, 
E(y) has a jump up to a(n)/ 2 at the point X n (n = 1, 2, • • •), i.e. E(X n ) = E{X n — 0) + 
a(n)/2. Hence there exists at least a zero point x* of E(x) in the interval (y',y") with 
E{x) is continuous at point x*. 

Otherwise, we may suppose that for any x € ( y',y") with E{x) / 0. Without loss of 
generality, we assume that for all X n € (y', y") with E(X n + 0)E(X n+ i — 0) > 0. Hence we 
can find at least a X n E (y 1 , y") such that E(X n — 0) x E(X n + 0) < 0, in this time we can 
choose x* = An+ ^ ra+1 . This completes the proof of Theorem 6. 


6 The truncated Tong-type formula for an integral involving 
the error term 


Suppose x > 10 is a large parameter. For any integrable function g(y), we define 

y -=y + -{yi h- \-yk), 

X 


/ g(y)dYk-= ■l g(y)dyi ■ ■ ■ dy k . 
J E t Jo Jo 


The integral / Efc E(y)dY k is very important in Tong’s theory. The aim of this section is 
to give its truncated expression under some suitable conditions. 

Recall the definition of A*(y). Let Q(y) denote the sum of residues over all poles of 
the function il>(s)y s s ~~ 1 except the pole s = 0. And define the error term E(y) by 


E(y) :=A*(y)-Q(y). 
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Since ip(s) doesn’t have poles when a < a* by assumption, we have immediately that 

Q*(y) = Q(y) + V>(o), E*( y ) = E( y ) - v>(o). 

Let y >1, \ < M < N < oo, A be a real number, and define 


( 6 . 1 ) 


I (A, M, N, y ) = 2-rri 


r N 

i / u x E(u)< 

J M 


exp ( — ih(uy) 2a ) du. 


We assume in this section that 

(Bl) There exists a constant 1 — < ujq < 1 such that \b(n)\ <C gn b 1+w ° 

( B2 ) IK")I < V a * b log" 4 ?/, y > 2. 

(B3) There exists a constant 0 < wi < 1 such that 

\E{u)\du<^T a b +UJ1 . 



Throughout this section we let A: to be a fixed positive integer such that 


( 6 . 2 ) 


k > max |2 ckt^ — ar — - — g + y! — n, ar | . 


Furthermore we assume that 


(6.3) 


* i 

&b + wi 


1 

4a 


A i 

2a 2a 


- 1 < 0. 


We note that (16.211 and (16.31) implies 


(6.4) 


* r 1 ^ g n' — n k n 

— - — -- 1 — -- 1 ---< 0 . 

2 4a 2a 2a a 


Let l<x<y<(\ + d)x, N = [x 4a-1-e ] and J = [(4a 2 r + 4a)e _1 ], where 5 > 0 is a 
fixed small positive constant. Without loss of generality, we suppose N ^ y n for any n. 
Furthermore let 


x „ 1 , r 1 g a — 

A° 0 Q + — — r — g — 1 — + — — — 4 — 




- 1 . 


From Theorem 6 we can find a real number M in every subinterval [t,t + Bt 1- 2 a] in 
[1, v/iV] such that M / for n = 1,2,... and E(M) = 0 if b(n) > 0 for all n or 
E(M) <C M a b~ l+UJ o otherwise. 

The truncated Tong-type formula can be stated as 
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Theorem 7. Assume the conditions (A2), (Bl), (B2) and (B3) hold. Let M £ [1,-v/iV] 
be chosen as above. Then we have 


(6.5) 

where 

( 6 . 6 ) 

(6.7) 

( 6 . 8 ) 

(6.9) 

( 6 . 10 ) 



6 

E e {y)dY k = Y J RMi M )i 

3 = 1 


Ri(y-, M) =K 0 y e » ^2 r+t!-d e cos (h(yy, n ) 2 <* + c 0 tt), 

Tn B 

R 2 (y,M) =y e *+h Re {c 00 / (A 0 , M, IV, y)} , 


j J 

R s (y;M) =EE Re 

/—0 m .=0 
l+m^ 0 

fc fc 

R 4 {y,M) = EE Re 

j=0 m=0 


f / l — 
j q m / ( A 0 + N , y 


x~ l y ~ l+de+ ^ 


_ l — m 

^ _r 2c«“ r 2a 



k + m 
2a 


,N,oo,y + 


X x fc 




fc+m 

2 o= 


i?s(y; M) 2 Q M max K 2 4« 2 *L + ^ 2 ^ >°) log - 4 M 

4 - x _2+6l£?+ ^ M max ( <T 6 _ i + ^“& +i£ 2 ^ i£ ’°) log " 4 M 

+ a ;( 4a_1 )( 0 '6+ u;i ) _2fc + r_ S+2(M'-M)+^-2a7'-4o 


( 6 . 11 ) 


Re(y,M) < 


Here m ). Co and cotnQm? 


0 , i/ 6 (n) >0 (n > 1 ), 

x^M <T '> - 1 +a;o- 2 - 4 S _ &+ i W f; ) i/i/te condition (Bl) holds. 

c' jm are certain real and complex constants, respectively. 


6.1 Lemmas for generalized Bessel functions 

Before proving Theorem 7 we shall prepare some preliminary assertions for the so-called 
generalized Bessel functions. 

By induction one easily verifies (r — s ^ —N) 


( 6 . 12 ) 



fc 


r- s dY fc = z fc ]T(-l) fc -* 
«=o 


_ (j/ + lx- l ) k+r ~ s _ 

(1 + r — s )(2 + r — s) ■ ■ ■ (k + r — s) 
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For j > 0, define 


feA x ) = 


r(r - s) 


A 2 (s) 


2m J c (r + g — s)iT(r + g + 1 — s) Ai(r — s) 


x r+e ~ s ds 


and 


9g,j(u) = / f g j{yu)dY k . 

JV k 

By definition f g (x) = o(x). We note that f g ,j(x) converges absolutely if 

r g + j - g! + g 

a < —-. 

2 2 a 

Lemma 5. Let x < y < (1 + e))a;, b is a sufficiently large positive constant. Then we have 

(6.13) f e ,j(x) < x 6g ~^, 
and 

(6.14) 9g,j( u ) ^ x 2k (ux) 6e ~~^. 

Proof. The first assertion (16.1311 is obtained immediately by replacing g by £+1 and taking 
M = —j in (13.141) . (M is the parameter in the definition of F(s), see (13.91) .) 

To prove (16.141) , substituting the definitions of f g j (x) into g g j (u ) and using (16.121) , we 
get 


9eA u )=x k ^2(-l) k l ( k ^J (y 
i=o \ / \ 

1 f 

X - / 

2m Jr 


l 


+ 


T(r — s) 


A 2 (s) 


^ ab (r + g — s) J T(r + g + k + 1 — s) Ai(r — s) 
Replacing £byA = £ + A; + l and taking M = — j in (13.141) , we get 

g e ,j{u) <C x 2 k (ux) eg 2^. 


y + - ) u 


r-\-Q—s 


ds. 


□ 


We also need the asymptotic behaviour of the function $ e (y) defined by 


$ e (y) = 


d ( f e {yu) 


du 


,r+e 


Lemma 6. Let l be a fixed positive integer and x < y < (l + 5)x. Then there are constants 
b' lrn and b” m such that for any positive integer H, we have 


(6.15) 


d l 


H 




y (uy)° S ' r 2 a ~ r 2a 


J lm~ 


m =0 


yl u r+e +1 


+ o 


(uy) 6 


yl u r+e +1 


28 


















+ o (V+^-V 1 ^), 


and 


(6.16) 


<S,(y)dY k = E E Re [ b ‘ 


k (JL ( T^/.iJ-i’lWe+'E: - ^? 


j=0 fm=0 


('ll + — 2 a 2 a , j . _L 

'jm r +n +1_i_fl , fc+m 

„,r+e+i „ » e + 


1 _ fc+H+l 


+o 


u 


x 2k+e e + 2 ^ 2 S“ 

r _|_/)_|_1_1_0 I k + H +1 

r-tg-ti- 2a v Q ^r 2ol 


+ O (x^+e-hy,- 1 -^ 


Proof. From the definition of f Q (yu), we have 


(6.17) $ e (y) = — f r ( r s)A 2 (s)(s) +e _ s-s-i d 

V ’ eK 2TTiJ Cab T(r + Q+l-s)A 1 (r-s) y 

hence 


M = 1 Mr 1 f T(r — s)A 2 (s) 

dy l 8 y l u r+e+1 2n i J c T(r + g + 1 — s)A 2 (r — s) 


x s(s — r — £»)(s — r — £> + 1) • • • (s — r — g + l — l)(yu) r+g S ds. 
Replacing g by g + 1 and taking M = l + 1 in the formula (13.131) . we find that 

,1 * oo 

~i^eiv) ~ ^ r+e+1 { XI ^m(yw) 0e+ ^ +1 2^ cos(/i(?/u)2^ +C m vr) 


dy 


m =0 


+ o(M^- 6 )}, 


which proves the assertion (16.151) . 

Next we prove (|6.16|) . From (|6.17l) and (16.121) we have 


(6.18) 


$ 


■ (s)<iYk = si / 


r(r - s)A 2 (s)(-,s) 

C ab P(r + g + 1 - s)A 1 {r - s) 


u 


■ l L 


y 


,r-\-g—s 


dY^ds 


x 


r+g+l 


u 


D-D 


k-j 


j =0 



y + 


T(r - s)A 2 (s)(-s) 


27 ri J Ca b r(r + g + k + 1 — s)Ai(r — s ) 
Replacing f? by £ + k + 1 and taking M = 1 in (I3.13P , we find that 


V + - ) u 


r+g—s 


ds. 


2m Jc a , b 


T(r - s)A 2 (s)(-s) 


27ri J c T(r + g + k + 1 — s)Ai(r — s) 


V+ x' U 


r+g—s 


ds 
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■E«4 

m =0 

+ o 




y + - ) u 


r-\-Q—b 


c\ j_ 1 fc+m 
2a 2a 


cos ( h ( ( y + - ) u ) + c m 7r 


1 

2a 


with certain real constants b' jm . Substituting this expression to (16.181) . we get (16.161) . □ 


6.2 Proof of Theorem 7 

Now we turn to the proof of Theorem 7. Let M € [1, y/N] be a real number as is 
chosen before, namely. M / /i„ for n = 1,2 ,... and E(M ) = 0 if b(n) > 0 for all n or 
E(M ) <C M a b~ 1+UJ o otherwise. We always suppose that there are infinitely many n for 
which b(n) 1. 

Recall the Tong-type identity: 



In the right hand side we divide the sum over n into two parts, namely 

1 = 12 + 12 =:5i(M) + 5 2 (M). 

/ An 2 M f-Ln M 

We first treat S\(M). Let F(y) = f e (yu). By Taylor’s formula we have 

F(y) = F (y) + F '(yi)(y - y) 

with some y < y\ < y. Then from the definition f e (x) and (j3.15|) of Lemma 4 we have an 
asymptotic expansion 

OO 

(6.19) F (y) ~ H Ki(yu) ee ~^ cos(h(yu)^ + Q7r) + 0{{yu) r+e ~ b ) 

1=0 


and the upper bound 

< ( yu) 9e 

if we take b large. Furthermore since F’(yi) = uf e -i(yiu), we have 

\ F '(yi)(y - y) I < -(xu) 6 *- 1 

X 

= X^ 2 {xu) 6q+ 2S. 

Take out the term corresponding to l = 0 in (|6.19l) . we get 

Si(M) = H { K ° (Wn) de cos(h(yy n + c 0 vr) + 0((yy n ) es ~ 

fi n <M V n 
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+0((yy n ) r+e ~ b ) + O (x-\xpL n ) 6 ° + ^) } 

=:R 1 {y,M) + V 1 + V 2 + V 3 . 


The error term V 2 can be negligible by taking b large. On the hand, by (B2), we have 

( 6 . 20 ) ^ \b(n)\y~ r ~ e+ee ~^ 

Hn<M 

<C X® B ~ 2a M maX ^ (T b~2~ia~^~^ IL 2a^ >0 log^ M. 

Similarly we have 


(6.21) V 3 < x -2+6' e +^ M m ax( < T*-§+^-^+^, 0 ) log A M _ 

Since M / fi n for all n, it is easy to see that if K(u) is any continuously differentiable 
function such that 


iF(u)Q*(u) -> 0, 



Q*(t)K'(t)dt —>• 0 (it —>• oo), 


then 


IM 


K(u)d ^ 6(n) 

fln<U 


I M 


K(u)dA*{u ) 


So for S 2 (M ) we can write 

1 / 


poo 


S 2 (M) = 


IM 

poo 

Im 

f‘OQ 


U r+Q 

1 

U r +^ 

1 




f g (yu)dY k I d ^2 K n ) 


Hn<U 


fg{yu)dY k cL4*(m) 


IM 

roo rV 


u r+e 

Q\u) 


’E k / 

f e {yu)(M\^j dQ(u) + J E fe(yu)dY^j dE(u) 


IM 


u r+e 


'E k 


IM 


E{u)du 


f e (yu)dY k du + 
d (f e {yu) 


E{u) 

u r+e 


[ f e {yu)dY k 

JE k 


u=M 


du \ u r+ e 


dY k 


=: S 2 i(M) + S 22 (M) - S 23 {M). 


We shall consider S 2 \(M) first. From the definition of f Q j(x), one easily checks that 


^/w+iW = -^feAv u ) (! < j < k + 1). 
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Let Wj (u) be the functions defined by 

w\ (u) = Q' (u)u 1 ~ r ~ e 


and 

Wj+i{u) = w'j(u)u (j > 1 ). 

Then by repeated integration by parts and the definition of g e j we have 


( 6 . 22 ) 


r-Mi 


' M 


Q'{u) 

u r+e 



w j( u )9e,j(u) 


Mi 

M 


rM i 

+ (-l) k+1 w k+1 (u)g g>k+l (u)di 
Jm 


Recall that Q(u) is the sum of residues of of all poles of 'tp(s)x s s~ l except 0. Let 7 be a 
pole with order v and 70 the pole with the maximal real part. Then the residue at 7 has 
the form Q^(u) = n 7 P(logn), where P(u ) is a polynomial of degree v — 1. Let Wj rf {u) be 
functions defined by the same way for (j 7 (it). Then we see easily 

w\ tl [u) = u 1 ~ r ~ e (^u 1 ^ 1 P(\ogu) + u 1 P'(\ogu)/u) 
<n Re7 - r - e lo g^-in. 


Similarly we have 

w ii 7 (n)<n Re 7 - r - e log l/ - 1 n 
for j > 2. Hence by (16.141) . we have 

« M?*' r - r - e {logM 1 ) u - 1 . 

Since k is chosen as m, the exponent of M\ is negative, wj r/ ( M\)g (J j ( M\ ), as well as 
Wj(Mi)g g j(Mi) tend to 0 when M\ — > 00 . 

Next we consider the term with u = M. Applying (16.131) in this case, we get 

(6.23) \w jn (M)g e j(M)\ < \w jtl (M)\ [ \f eJ (yu)\dY k 

JE k 

< M Re 7 -r-e(iog Mf- 1 (xMfe-ii 

= x^"^M Re7 "3- i tw-^+ i ^ ii (logM) l/ " 1 . 

For the last integral of (16.221) which corresponds to 7 , (|6.13l) implies that 

[■M\ [Mi 

(6.24) / w' k+l (u)g e)k+1 (u)du<£. / u Ke ' r ~ r ~ e (logu) l/ ^ 1 (xu) e ^~^du 

Jm Jm 

= x ° s ~^ _/vf Re 7 ~i- -h- 2 + ‘ ± 2 ^r~ h 2 ^ L (log M) u ~ l . 
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From (I6.23|) and (16.241) we get the estimate from the pole 7 . It is easily seen that the term 
j = 1 coming from 70 gives the maximal estimate, namely we have 

£21 (AT) < x^-^M Re7 °-i-&-^ +i ^(logM) A ' 

with some integer A 1 . Now we note that Re 70 < hence £21 (M) is absorbed into the 
right hand side of (16.201) . 

Next we consider £ 2 2 (Tf). By the trivial bound E(x) <C x a b +e and (16.141) . we see that 
^ f / t (SMl)<iY k « 

Mi 

The exponent of M\ is negative by m, hence this term vanishes when M\ —>• 00 . 

Consider the term f E f e (yM)dY. If we assume that b(n) > 0(n > 1), then from 
Theorem 6 (ii) we can find M such that E{M ) = 0, hence this term becomes zero. If we 
assume the condition (Bl), there exists M such that E(M) Hence by (16.131) 

£ 22 (M) < ® e «M^ -1+W0 “( r+c)+e ® 

= x e ^M f 7 b- l +^- r 2 -h-^+^. 


We call the above estimate of S' 22 (M) as Rq(M). 

Finally we consider £23 (M). Divide the integral as 

s “ (m) - (/; + D L £ (W) dYkd “ + 

To treat £' 231 , we substitute Taylor’s formula for 3> e (y) = jjj ^): 


(6.25) 




2=0 


l\ 


d J+1 

dv J+1 


®e( v ) 


V=VQ 


(y - y) J+l 

(J + !)• 


where vg = y + 9(y — y) with some 0 < 9 < 1. Let V 4 be the contribution in £231 from the 
last error term of (| 6 . 2-5 j) . From (16.161) and vg ~ y ~ x, we have 


R 4 



d J+1 

dv J+1 


$e( v ) 


V=VQ 


{y - y) J+l 

(J+l)! 


dY k 


< 

< 


/ 
J A 


A W)i (x “ ) 


°e+ 2 Z' 


J +1 

2 a 


1 


37 


M 

r\m (xu) 

Jm U 


J+lyT+Q+l X,J ~\-1 






37 


r+£+l 


-(xit) 


r,J_ ( (XU) 2o 


J+l 

du. 
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Since u < N = [x 4 “ 1 e ] and J = [(4 a 2 r + 4a)e x ], it follows that 


(ux) 


(, \— \ J+1 
r i J_ / [UX)2a \ 


i 4 a -l- e vg+i / (X 4 ° 1 fg)j-V +1 


< x _£ (i+^) < 1. 


ar 


Therefore 


V 4 < x 0£? 2 


/■JV 

Jm 


Now by the assumption (B3) we get the upper bound of V 4 : 

l e i m'-m 


(6.26) 


0,-5 /ur^+uu— r—*+^-i 


V 4 < x Us ~2M a b 


Next we treat the first J-terms of the Taylor expansion of $ Q (y). Their contribution 
to 1 S 231 is 

J „-i r N 


'J ^—( /*iV /» 

y ]-JT E( u )^-[$ e (y)du ( 2/1 H- \-yk) l dY k 

^ i! Jm dy L J Ek 

J2 c *x~ l / E(u)—^ Q (y)du 

1 _fi J zvt y 


1=0 

J J 


EE Re <« 


Zm 


Z=0 m=0 


/ #(«) , w ^ TT e~ lh ^ uy) ^du 

Im y ’ (xy) l u r +e + 1 


/ J />JV 

+ 0 E/ i^(«)i 

Vz=o 7m 


(rzx) y£?+ 2 a 

x 2Z u r+^+l 


J 


du + 0 E 


—Z+r+£—6—1 


rJV 


\E(u)\u 1 b du 


d =0 


im 


The last O-term can be removed by taking b large. In the first O-term, the integrand can 
be transformed into 


\E(n)\ 


(ux) 




— \ ^ 
(ux) 2 ^ \ 


u 


r+g+1 


Since < 1 . this O-term is bounded by 


J „AT 

« E / 1^ 

1=0 Jm 


(ux) [ 


S 2a 


U 


r+Q+l 


-du<^X° e 2aM a b~ 


2 4 a 2 a 2a 2 a 


which is contained in the right hand side of (I6.26p . Combining these formulas we obtain 
that 


J J f /*ZV 

ET ±Tn Im 


(«y) 


/j 1 1 1 l — m 

y s + 2 a+^T 


1=0 m =0 


(xy) l u r+e+l 


-ih(uy)75 du 
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+ O ( x°°-t 


-l 


As for the double sum over l and m, let R, 2 (y,M ) denote the term corresponding to 
l = m = 0 and Rz(y] M ) the term corresponding to l + m > 0. With the notation of the 
function I(\,M,N,y), we can express these terms as 

R -2 {y, M) = y Bs+ 2 ^Re jc 00 / (d e + - r - g - 1, M, N, yj j , 


J J 


EE \ C-lml 


1=0 m =0 
0 


] l — jyi 

} e + — + —z -r - q - 1, M, N, y 


2 a 


2 a 






Finally we consider S 232 ■ From (|6.16l) with H = k, we have 


fc r fc 

$,(y)dY k = E X Re ( b ‘ 

j =0 lm=0 \ U 

( T 2k+ee + ^~^^ 

+ 0 


(y + 2 )^ 8 +^-^ ,, j, . 


2 -WI 2 H 


U 


Jm „r+<H-l-£-0 e +*±f 

1+0 (x 2 fe+r+e —V 1 " b ) . 




Substituting this expression to the definition of S 232 and noting (|6.4I) . the contribution 
from the second O-term becomes 


< 


/*oo 

/ \m\— 

JN m 2 i_ 4c 


„ 2 fc+ 6 »„+i 


r + ^n_|_i+_£— nL —ti+A 

u 2 t 4q t ~2o 2a 


■dit 


<C x 2fc + 6 'e+f _/V fT t' + “ 1_< '5 + 4^ +1+ ^ _ii 2S £ ' + a\ 
<C ;j( 4a—1 )( fJ 6 +(^i)—2k+r—g+2(fj,'—ii)+^- — 2ai 4a 


The contribution from the last O-term is also negligible by taking b large. Combining 
these, we deduce that 

k k ( roo r k (v + 2 . ++^ 2 + i 'j 

(6.27) S 232 = E E Re C W / ^(“) f +g+ r i 

“7rr n 4 at 7i r +£ , +r-2^-w e +^^ 


j=0 m=0 


+ O ^ x ( 4 "- 1 )( f7 ?+ u; l)- 2fc + r -e+2(At , -0+w _2ar_4 “^ 

The term of sum over j and m, which we denote by R^y, M), can be expressed as 


R A {y] M ) =x fc J] X] Re I ( y + “) 

j =0 m=0 l ' 2 

x I (~r - g-l + ^- + 9 e - k + m ,N, oo, y + — 
\ 2 a 2 a x 


:X *+*»+£-*£= 


We call the sum of remaining terms (16.201) . (16.211) . (16.261) and (16.271) as R§{y\M). This 
completes the proof of Theorem 7. □ 
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7 Some estimates for the weighted integral of the error term 


In this section we shall give several estimates involving the exponential integral I (A, M, N, y ) 
defined by (16.11) . which is closely related to the mean square bound (12.71) and important 
in this paper. For convenience we use the notation f{s)ds = J a _ ioo f(s)ds. 

We first give the following preliminary lemma. 

Lemma 7. Let x > 1, ^ < P < Pi < P 2 < (1 + 6 )P. We have 


pP 2 

(7.1) / u x e ±i{tlogu - ux) du^x-^P x+ ^(l + \t\)- £ (Px) e . 

JPi 

Proof. Let f(u ) = tlogu — ux. Clearly 

f\u) = --x, f"(u ) = —4. 
u 

First we suppose (1 — 5)Px <t< (1 + 2 5)Px, we apply the second mean value theorem 
and the second derivative test to get 


(7.2) 


/*+2 

/ u x e ±i(tlosu - ux) du < P x max 
J p, P1<P3<PA<P2 


,p 4 


e ±i(t\ogu-ux) ^ 


'Pi 


<C P x max 


Pl<U<P 2 V t 


U- _1 , 1 

•C X 2 p A + 2 , 


from which the assertion of the lemma follows in this case. 

If (1 + 2 S)Px < t < 00 or —00 < t < (1 — 5)Px , by the first derivative test we get 


(7.3) 



u A e ±i(tlog u-ux) du ^ pX max 

P1<P3<P4<P2 



< P A x _1 (l + \t\)~ £ (Px) £ (or < P A x _1 ). 


The assertion of the lemma can be checked easily by the above two cases. □ 

Lemma 8. Let M < N < x A (A a fixed positive number), w be a real number and 
0 < p n < 4p Then we have 


(7.4) 


r(l+S)x . j x , 3 , , 

/ /(A, M, N, y)y w cos (h(y n y) 2 « + cj dy <C P" + 4 a + £ max 

Jx ' 4 M<P 




M<P<N 


Proof. From (12.71) we easily get (by using Cauchy’s inequality 

r T 

(7.5) j + it)\ 2 dt <C T 1+e , 
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\ip(cr* + it)\dt <C 4 / 2 T / |V’(o'* + i £)| 2 dt <C T 1 + 2 , 


' —T 


/—T 


and (by using integration by parts) 
(7.6) 

r\± 

Jo (1 


\ip (a*±it)\ = /q \ip{cr* ±iu)\du 

+ N) 1 " 


l+£ 


(l + M) 1+£ 


+ 


t =o 


(1 + e) f 
Jo 


fo \i/j(cr* ± ut)| du 


o (l + N) 2+£ 


dt <C 1 . 


By Perron’s formula and the residue theorem we have 

-\-e-\-iT „ # s 


E(u) = lim 

T-> oo 


V’(s)—ds — Q(u) 

+£—iT & 


M 

1 rcr+u u s 

lim — / V>(s) —ds, 

—>■00 Z7TZ J a *_iT S 


since ip(s)s 1 —>• 0 uniformly in the strip <r* < Res < cj^ as i —>• ±00 (also see page 357 in 
Ivic |T9j)- Let \ < P < Q < (1 + 5)P, then from (16.111 


rQ 1 

(7.7) I(\,P,Q,y)= u x er lh(uy) ^ du lim 

Ip T^oo 


pa*+iT s 

/ '(/’(s) — ds 

d a* —iT s 

I* ^ ———ds [ Q u x+s e~ ih{ - uy ^ du 
Ja*-iT s JP 


= lim 


T ^°° Ja*-iT s 


ra*+ioo // \ />Q 1 

n > -is I u x+ " (s = a* + it), 


r^m ds [‘ 

Ja*—ioo & JP 


where the inversion of order of two integrations is justified by (ED and (17.611 . 
Assume 0 < // n < we get 

r(l+S)x 1 

(7.8) J I(\,P,Q,y)y w e ±h ^y^dy 

J a 


(l+<5)a: 


yW e ±ih(ii n y)^ ( 


L 

r-^ mds r 

J(j*—ioo & JP Jx 

r* +lo ° Ms) 

/ - h{s)ds, 

Jcr*—ioo S 


rQ 

jp 


da / u x+, '"* i, e- ih{uy ' )rB du 


u* —zoo 0 

Q /-(l+(5)a- 1 1 

yW u \+<y* +it e i{±K^y)^ -hiuy)^) dydu 


where the inversion of order of the integrations is justified by ED and ED- Set U 2 a = 
1 1 1 1 1 
U, Uq = P 2 ^, £/i = Q , hy 2 ^ = y, A"o = Ar 2 ^ and Ai = h ((1 + 5)x) 2a , hence 

(7.9) h(s) = [ Ul C/ 2 a(A+l+ ff *+it)-l d[/ f Xl Y 2a(w+1)-1 e i(±^-U)Y dy 

h 2a{w+l) J Uq J Xq 
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We write rj = 2a(w + 1) — 1. Applying integration by parts we get 


rXi 


Y V e i(±^-U)Y dY 


IX o 


1 


Y V e i{±^-U)Y 


1. W /-Xi 1 \ 

2^ _rnv / , ,7-i-.i2a _{/)y j 


(±Mn“ - U)i V 
Substituting the above expression into (17.911 we obtain 


-r) Y v-i e i(±»n 
X 0 ^ Xq 




h( S ) « Xq „ max 


L 


U\ tj 2o;(A+l+(J*) —1 

^_ e *(2at log 17- C/T) 


^0 ±/i^“ - £/ 


x 0 <y<Xi 

Now we apply the second mean value theorem and EH) to get 

rU* 


h(s) « —^ 


max 


rr l( 2H X 0 <Y <X 1 ,Uo<U*<Ui 

O 0 =F H"n 

X(j Y~^TT 2a ( X+l+a *')-h / 


JUo 


jj2a(\+l+cr*)—l e i(2atlogU—UY) d jj 


« 2 Uq 2 (AWof(l + |i|)- £ 

< x w + 1 -£p A + 1 +‘P-£(p a; ) E (l + |t|) _£ . 

We substitute the above estimate into 1)7.811 and then use (17.611 to get 


“(l+5)x 


I(\,P,Q,y)y w e ±ih ^y)^dy = 

/ < 

< x w+1 ~^ P x+1+a *~^ (Px) £ . 


r*<r +zoo 




I\(s)ds 


+it) | 


-oo (1 + 




dt 


Now applying a simple splitting argument to the interval [M, A"] would suffice to complete 
the proof of the lemma. □ 

Lemma 9. Let 2(A + a*) —1, M < N < x a (A a fixed positive number ) and 5 > 0 with 

(1 + <S)s — 1 < i. Then we have 


(7.10) 


r(l+5)x 

/ |/(A,M, N,y)\ 2 dy < x l ~* +£ ' max p 2 (A+<r*+i)--. 

Jx M<P<N 


Proof. From (17.711 we obtain 
r(l+S)x 


(7.11) 


\I(\P,Q,y)\ dy 
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»(l+<5)a: 


dy 


[ til ''Ids f U X+a *u-h(uy)^) du 

I (a*) S JP , 


f [ Q V X+a * j{-t^°gv+ h (vy)^) dv 

J {cr* ) S 1 JP . 


r r ^(a)^(si) 

’ (cr*) J{cr*) 


dsds\ x I(s, si), 


where the inversion of order of the integrations is justified by (EH) and ESD, and we use 
notation s = a* + it, si = cr* + it\ and 


I{s,si) : = 


H 


(l+5)i 


dy 


rQ 


U X+(T * j (* u-h(uy) 3H ) du 


rQ 


^A+cr* g i (-ti log v+h(vy) A ) ^ 


Set h(uy) 2 a = U,h(yy)i<* = V,P^ = Uo,Q 2a = U\, hy 2 « = Y,hx*<x = Xo,/t((l + 
S)x)^ = X\, t ,2 = 2af, t 3 = 2crfi, fi = 2a(A + <r* + 1) — 1 and /? = —4a(A + cr*) — 2a — 1. 
We have 


(7.12) 


I(s,s i) 


(2«) 3 

/i 2 “ 



yPjte-t 2) logV G(y ; t 2 ,t 3 )dY, 


where 


G(y ; t 2 ,i 3 ) 



JJP g*(<2 log!7 



yM e *(-*3 log V+Vj^y 


Since P < Q < (1 + <S)P, so t/ 0 X 0 < CW, < (1 + 5)«U 0 X 0 := (1 + <$i)I7oXo- Here 
note that 0 < <5i = (1 + 5 )a — 1 < 

To estimate I(s, si) we need to consider the following four cases. 

(Case 1). t 2 ,t 3 ((1 — 25\)UqXq, (1 + A5\)UqXq). In this case applying (|7.3I) to estimate 

the two integrals in G(Y;t 2 ,t 3 ) we obtain 


G(Y;t 2 ,t 3 ) <C max 
x 0 <Y<Xi 


rUiY 

/ U ll e l{t2 loeU - u *>dU 

x max 

rUiY 

/ yM e H-*3logV+y)^y 

JU 0 Y 

X 0 <Y<X 1 

Ju 0 Y 


« (U 0 X 0 )^(U 0 X 0 ) 2 %1 + |t 2 |)- £ (l + |t 3 |)- £ . 


We substitute the above estimate into 117.121) to get 

(7.13) I(s, Sl ) « U^X 2 ^ +f)+ \u 0 X q) 2£ (1 + |t 2 |)- £ (l + |t 3 |)- £ - 

(Case 2). t 2 e ((1 - 2S 1 )U 0 X 0 , (1 + 4<5i)[/ 0 *o), *3 0 ((1 - 2<5i)C/ 0 X 0 , (1 + MJUqXo). If 
|t 2 ~ ^ 3 1 < 8 \UqXq, then t 2 < (1 — 5\)UqXq or t 2 > (1 + 3<i'i )I/(Wo- Clearly the estimate 
(17.131) also holds. 
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Now we assume |^2 — t^\ > SiUqXq. Applying integration by parts to the variable Y 
in (17.121) we get 


(7.14) 


h 2a 

(2a)3 


I(s, 8 1 ) = [ Xl Y^e i ^-^ losY G(Y-,t 2 ,t 3 )dY 

JX 0 

•x l 

G(Y-,t 2 ,t 3 )dY^ +1+ < t3 - t ^ 


1 


P + 1 + {t 3 — t 2 )i Jx 0 


1 


(3 + 1 + (t 3 — t 2 )i 


■ ^(-l) j+ 1 ^ + 1 e i(t 3 “ t 2 )los ^G(^;i 2 ) t 3 ) 


K j =0 

1 1 

+^2(-i) j u^ +l+it2 hj + ^2(-iy u ^ +l - it3i 2j |, 

7=o i=o 


where 


*7 : = 
hj := 


-L 

-L 


-Vo 

Xl 


rUiY 

y/3+M+ig*h 3 iogX-[/jr)^y / yM e i(-t 3 iogy+y)^y 

JUqY 


y/3+/l-(-lgi(-t2 logV+t/jV^y 


/•(/iX 

/ 

JUoY 


U^ e i(t 2 log U-U) dU ' 


Applying (17.21) to the first integral over 17 in G(Xj-,t 2 ,t 3 ), and (17.31) to the second 
integral over V in G(Xj\ t 2 ,t 3 ) respectively, we obtain 

(7.15) G(X j] t 2 ,h) « (U 0 X 0 y + 1 2 (UoX 0 r « (£/ 0 X 0 ) 2 ^, (j = 0 , 1 ). 

Applying (17.31) to hj one has 


(7.16) 


hi < X ;? +/i+2 max 

x 0 <r<Xi 


rXY 

JUnY 


y^ e d~ t 3 log y +^) dl/ 


u 0 y 

< X^+^Xof < Uq Xq +2/i+2 . 


To treat .Z 27 we define for j = 0,1 


t 2 


<X n 


t '2 


IX n 


= X3j = 7Y + \ItT- 


a 


Ui 


17,- 


First we consider the case when Xo < X 2 j < X 37 < X 1 , we divide the interval [Xo, Xi] 
into three subintervals and write 


(7.17) 


*27 - 


r x 2 j r x 3. 

[ + 

/X 0 7X 2 


r x 3j r x 1 

7x 2 j Jx 3j 


hj + 7 4i + hj- 
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We let k = /3 + fi + 1 and H(Y,t 2 ) := f/y‘y U tJ, e^ t ‘ 2logU u ' > dU. It follows that from 


integration by parts 


(7.18) 


3j = C 11 Y K H{XM)e i{ ~ t2logY+UiY) dY 

JX n 

Y k +i 


L 


X 0 

x 2j 


lx 0 ^2 + 

= h j + hj ~ hj. 


H(Y,t 2 )de ^~ t2 l °sY+UjY) 


wheroj)] 


I&j '■ — 


VK.+ 1 

- H{Y, t 2 )e ^~ t2 log y+UjY) 


x 0 


H-h + UjYy 

I 7j : = ^(-1 )*[/'/* +1+ita [ ^ e i(fJ i- Ul)Y dY, 

1=0 


hi • — 


= -/ 

J X, 


X2 > f (k + 1)W 


lx o ifa-UjY) 

Y K+l Un 


8i ' lx o V*M2 + ^) i(-t 2 + ^)2 

By (17.21) we get 


d(ij « ^ 0 K+1 


1 


max 


x 0 <Y<x 2j \t 2 - UjY | 


fT(y, t 2 )e i(_t2 logy+ ^' y) dy. 


x ([7 0 X 0 )^+i 


«*o 


° +1 7OT^ oX ° r+l <<c 


We also have 


7 7j < Ui 


L 


X 2 j -v^k+m+1 

^ +1 / , ° TTV dY« UgX^ +1 log(U 0 X Q ). 

X 0 t 2 -Ujl 


Applying (17.21) to the integral H(Y,t 2 ) in /gj we obtain 


« 


rYj 

Jx 0 


X« n 


+ 


^o + 1 t/o 


t 2 - UjY (t 2 - UjY ) 2 


([/ 0 yo) M+ ^y 


« < +2 A 0 K+/i+ 


*/ 


1 


x 0 h - U 3 Y 


dY + U^X^i ' X “’ 


f 


1 


0 0 /x 0 (t 2 -^y) 2 

« % 2 Xq 1 " ' 2 log(t/ 0 A 0 ) + ^X 0 K+ ^ +1 « 


dY 




Combining the above three estimates and (17.181) we have 
(7.19) / 3j « C « +/i+1 log(C/o^o). 


*In Tong’s paper[49], page 521, he missed the term Jsj. 
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Similarly to the estimate for I 3 j one has 


(7.20) 


hj < / A ’' X£(U 0 X 0 r + -2dY < (X 3j - X 2j )U^ 
Jx 2j 


X, 


0 


1 

2 


««i/j , x 0 “+'+ i . 

Similarly to the estimate for I 3 j we can prove 

(7.21) I bj « C/£X 0 K+ ^ +1 log([/ 0 X 0 ). 

Substituting (17.191) . (17.201) and (17.211) into (17.171) we obtain when Xq < X 2 j < X 3 j < X\ 

I 2j « U£X^ +l log (UqXq). 


It remains to consider the other four cases: X 2 j < X 3 j < Xq < X\, X 2 j < Xo < X 3 j < X \, 
Xo < X 2 j < X\ < X 3 j and Xo < X\ < X 2] < X 3 j. By a very similar approach to the case 
Xo < X 2 j < X 3 j < Xi, one may get the same estimate of I 2 j for the above four cases. 
For example, when < X 2 j < Xq < X 3 j < X\ we use decomposition 



Hence we always have 

(7.22) I 2j < UqXq +2 ^ +2 log(C/ 0 X 0 ). 


Since \t 2 — ^ 3 ) > SiUqXq and t 2 £ ((1 — 2S\)UqXq. (1 + 46\)UqXq), it is easy to check 
1*2 - *31 > (b r oX 0 ) 1_2e (l + |t 2 |)- £ (l + |t 3 |)- £ . 


Substituting (17.151) . (17.161) and (|7.22D into (|7.14l) . and noting the above estimate, in (Case 
2 ) we finally obtain 

(7.23) I(s, s r) « C/ 0 2 At X 0 2 At+/ 3 + 1 (C/ 0 X 0 ) 3£ (l + \t 2 \)~ £ (l + M)“ £ - 

(Case 3). t 2 £ ((1 - 2 S^UqXq, (1 + 4ft)H 0 X 0 ), t 3 € ((1 - 2<5 1 )£7 0 X 0 , (1 + 45 1 )t/ 0 Xo). 

We can use a similar approach as (Case 2 ) to estimate 7(s,si) and get the same 
estimate as (17.231) . 

(Case 4). t 2 ,t 3 € ((1 - 2 ( 5 1 )C/ 0 X 0 , (1 + MJUqXo). 

Note that (3 + 1 + i(t 3 — t 2 ) 7 ^ 0. We first transform 7(s, si) into the expression (17.141) . 
Then we use the same approach as I 2 j in (Case 2) to treat J 2 j and estimate hj respectively. 
Lastly by the second derivative test CL2D to each integral in G(Xj-,t 2 ,t 3 ), we get 

G(Xj-,t 2 ,t 3 ) « (U 0 X 0 )^.(U 0 X 0 r +1 2 « ([/ 0 X 0 )^ +1 , (j = 0 , 1 ). 
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Combining these estimates and (17.141) we obtain 


I{s,si) < 




TTAp-r*- Y 

U 0 A, 


0 


1 + 1*2- * 3 | 


-(u 0 x 0 y 


Now let h(Px ) 2 a = T. Note that 2y + /3 + 1 = 2a — 2. Combining four estimates in 
the above cases and (17.111) we get 


(7.24) [ 

J X 


(l+<5)a: 


\I{\P,Q,y)\ dy = 


f f 

J (< 7 *) J (a 


V’(sMsi) 


< X 1 ~aPaT 3£ 


/ oo r 

-oo J — oo 


l(a*)j(cr*) SS 1 

(a* + it)i[)(cr* — it\)\ 


I(s, si)dsdsi 


dtdt\ 


(1 + IW + M) (l + |t|)‘(l + |ti|)« 


, 1-1 p 2 h± l T£ f( 1+4S ^ T f^+^) T \ip(a* + it)i/j(cr* - ih)\ dtdh 

X 2a r 2a 1 


7 / 

4(1—25i )T JO 


(1—25i)T 4(1—2<5i)T 

=: x l ~^P^T 3e Wx + x 1 -^P^rT £ W 2 . 


tt\ 


1 + |* -ii| 


It follows from (17.61) that 


(7.25) 


W 1 = 


L 


(a* - it i)| 

-oo (l + |*|) 1+£ “~ " 7-oo (l + l*il) 1+£ 


(<T " +it ^dtx r 


dt\ <C 1 . 


Making the change of variables t = u + v, t\ = u — v, using Cauchy’s inequality and noting 
(17.51) . it is easy to check 


(7.26) 


2 T i-2T 


—2 


1+2 

< T 

« T 

< T~ 1+e 


J J 


(a* + it)ijj(a* — iti)\ 
1 + |*-til 


dtdt i 


o-2 


1—2 


i 


—T i + M 

/■ T i 


—T i + M 


r-2T 


r-2T 


(cr* + z(u + v))ip(a* — i{u — v))\du ] dv 


(v + i 


i(u + v))\ 2 du 

Jo 


2 T \ 2 

/;(cr* — z(u — u))| 2 du ) du 


I—T 1 + M 


■du < T 


— 1+2 e 


Now substituting (17.251) and (17.261) into (17.241) we get with £] = || 


(7.27) 


L 


(l+5)ai 


|2 j„. ^ T l-+£ip+£i 


|4(A, P, Q, 2 /)| dy « a; “ +£l -P“ 


Applying a simple splitting argument to the interval [M. N] with Mo = M, M r = 
N, Mj .|_i < (1 + 5)Mj (j = 0,..., r — 1; r -C log x) and Cauchy’s inequality, it follows that 
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from flTZSD 


/•(l+5)a; (•(l+<5)a; Ir 1 \ 

(7.28) J IV, y)| 2 dy < J I £ |J(A, Mj, M j+1 , y)| I dy 

r -! /.(l+(5)x 

= EE |/(A, Mj , M j+1 ,y)| \I(X,M l , M l+1 ,y)\dy 

j= o z=o •' a; 

r- 1 r-1 / ,(l+5)a: /.(l+5)a: 

«EEv/ |J(A,Mj,Mj + 1 ,y)| 2 dyx / |/(A, M,, M J+1 , y )| 2 dy 

i=n z=n V Jx Jx 


j= 0Z=0 

r-l / -(l+(5)a: 


J2\JJ' ' \I(.\ M 3 ,M j+ 1 ,y)\ 2 dy I «x 1 -^ +£1 f^M /^ 1 


Recall /i = 2a(A + cr* + 1) — 1. Now Lemma 9 follows from (|7.28l) at once. □ 

Lemma 10. Let 2(A+cr*) 7 I —1, 2(A+cr*+l) < M > 1 , and 5 > 0 with (l+<5)« — 1 < |. 
T/ien w;e /iar>e 


(7.29) 


p(l+S)x 

/ |/(A,M,oo,y)| 2 dy <C x 1 - « +£ 'm 2(a+ct * +1) ". 

J X 


Proof. We take Mj = M(1 + di)-?, ( j = 0,1, • • • , r — 1). The lemma is immediately 
obtained from (17.281) and let r —» 00 . □ 

Remark 11. In Tong’s original proof (similar to Lemma 9) he used the second mean value 
theorem for complex integral, but we don’t. Moreover, in both Lemma 9 and Lemma 10 
the condition 2(A + <r*) 7 I —1 is not essential. In fact, we can use the second mean value 
theorem to remove this restriction. 


8 The proof of Theorem 1 

In this section we shall prove Theorem 1. 

Suppose that £(s) € S/ eal is a function of degree d > 2 such that 0 < 0 < 1/2 — l/2d. 
So C(s) satisfies the functional equation (11.11) in Section 1. We assume Y2j=i Pj is rea l 
where (3j are the constants in (11.21) . From (12.31) and (13.31) (13.61) . we have obviously d = 
2a, y = n',u = z/,A = A ',0 Q = 1/2 — l/2d + y( 1 — 1/d). We also have ip(s) = C(s) and 
V’(s) = luQ 2s ~ 1 C(s), hence b(n ) = uQ~ 1 a(n), A n = n and = Q~ 2 n. Suppose that 
1/2 < a* < 1 satisfies (11.41) and (11.51) . 

Suppose T is a large parameter and 5 > 0 is a small positive constant. We shall 
evaluate the integral f^} +S ^ T E 2 (y)dy. 
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8.1 Tong’s formula of E(y) 


We first show that 

( 8 . 1 ) 


J \E(y)\dy 






Since C(s) is a function in S® eal of degree d, we have trivially that £{it) <C (l+|t|) d / 2+£ / 2 
and thus 


( 8 . 2 ) 


Jo 


2 dt < T d+1+e . 


From (11,41) . (18.21) and Lemma 8.3 of I vie m we get for 0 < cr < cr* 

rT 


(8.3) 


I \£(a + it)\ 
Jo 


n . (d+l)(a*-a) , a , _ 

2 dt < T -s*-+^+ £ . 


Define E(y) = A(y) — Res s= i C(s)y s s x . Then 

E{y) = E(y) - £(0). 

By Perron’s formula we have for some a* < a < 1 that 

1 pcr-\-ioo 

My) = 7T~ I C(s)y a s~ 1 ds. 

Ztti J(j—ioQ 

From (18.31) and integration by parts we see that 

|£(cr 0 + it)\ 2 \a 0 + it\~ 2 dt < 1 


r 


r (d —1) cr* —|—2 (j* £ q i 

tor (To = -- — -. bo we have 

1 pero+zoo 

E{y) = — / C{s)y s s~ l ds. 

Replacing y in the above formula by 1 /y, and then using Parseval’s identity (see the 
formula (A.5) of I vie [ 19] ) we have 

1 poo poo poo 

— \C(a 0 + it)\ 2 \a 0 + it\~ 2 dt= \E(l/y)\ 2 y 2a °~ l dy = / \E(y)\ 2 y~ 2 rT °~ 1 dy. 

J 71 J-oo Jo Jo 

Thus we get for any D > 1 that 



\E(y)\ 2 dy 


< D 2(70+1 , 
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which with Cauchy’s inequality gives 



\E{y)\dy 


< zr o+1 . 


By the splitting argument we get 



^ 'J-'&O+l 


Recalling E{y) = E{y) — £(0) and (1.5) we get 

[ T \E(y)\dy « [ T | E(y)\dy + T « T ^ +1 « T 1+ ^ +£ , 
io Jo 

namely (18.11) holds. 

Now we use Theorem 7. Take g = 0. From the first estimate of <E3D we take ujq = 
6 + e. From (18.11) we take uji = ( d 2 — l)/2d 2 < 1/2. Suppose k > 1 is a large but fixed 
integer which satisfies (16.21) . Take x = T,N = [T 2d ^ 1 ~ £ ]. M is a real number such that 
T £ <C M <C -v/fV and E(M) = 0 if 6(n) >0 (n > 1) and E(M) <C M e+£ otherwise. 

The truncated Tong-type formula of E(y) was given in Theorem 7. Since we are not 
interested in the exact value of constants like kq, we may assume Q = 1 for simplicity of 
notation. Hence we may take y n = n in the rest of this section. Then from (16.511 (16. 1 II) 
of Theorem 7 we have 


(8.4) 


where 


E{y) = Y J R j (v), 

3 = 1 


d—i \ -> a{n ) 


Ri(y) = K 0 y ™ *ti 

n<M n 2d 


COS 


n 


) 1/d + 


C 0 7T 


R2(y ) = y Re ( c 00 / ( M, at, y 


r 3(y)= ^2 R e [ C lrnl 


0 <l,m<J 
Z+m> 0 


1 l — m 


~2 + M + — 


„ / x \ - ^ T / 3 1 k + m 

Ri{y)= Re \ ClmI \-? + Ey -— ,iV,oo,y + 


0 <l,m<k 
l 3 


ri 




l \ 

t) 


R 5 (y) < T2-2dM max (2-23-°) log A T + T- 2 + 2 dM 2 + 2 d 

_|_ J 1- M Ul ~ 1 — 'J'i.Zd— 1)(1+oji)— 2fc+l-|-4fc/(i— 3d 
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< M max( 5-^>°) log^ 4 T. 


R&{y) 


= o 

1 1 a l 1 i _ 

< T2 2d 2 2d+ £ 


if 6 (n) > 0 
otherwise, 


i? 7 (y) = £(y) - / E(y)dY fe . 

JE fc 


For simplicity, we write 


where 


£(y) = I<\ + K 2 , 


K\ = Ri{y) + R 2 {y), 

K 2 = Rs{y ) + R±{y) + R${y) + R&{y) + Ri{y)- 


8.2 Evaluation of f^ 1+S)T Kfdy 

In this subsection we shall evaluate f2 + ^ T K\dy. 
We write 


(8.5) 

R\{y) = «o2 22 a{n)a(m) cQg ( h {y n f / d + cos (’/ l ( ym ) 1 / d + Co7r 

n,m<M {nm) 2d 


= ^ 2 /^ Q(")qM / cos _ m i/d)) + cos f/iyV'V 7 '* + TO V<*) + 2 c 0 7 r 

2 n,m<M {rim) 2d V V 7 V 

= Wi(y) + W 2 (j/) + W 3 (y), 


where 


Wi(y) = y/ dl X] 

n<M 


a 2 (n 

d+l ! 

n d 


W 2 (y) = y/d 1 Y1 


n,m<M 

n^m 


a(n)a(m) 


/ \ d+l 

(nm) 2 d 


cos 



Wi(y) = yy d 


d —1 \ - a(n)a(m) 

/ v / \ d+l 

,m<M {nm,) 2d 


■ cos 


n i/d + m i/d) + 2 c 0 7t) 


For IFi(y), we have 


( 8 . 6 ) 


"(1+<5)T 


Wi(y)dy 



dni , 

V d ay 
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2 00 n 2(„\ r(l+S)T 

f E ^ / y^y + 

- n=l n— Jt 


where in the last step we used the second estimate of (11.31) . 
By the first derivative test we have 


r( 1+S)T 

/ W2(y)dy « T 2_2//d E 


|a(n)a(m)| 


n^<M (™)“ \n 1/d ~ m 1/d | 

n^m 


= r 2 - 2 / d (Si + s 2 ), 


say, where 


Si = 


s 


|a(n)a(m)| 


n,m<M (nm) d M \n 1 / d - m 1 / d \ 

\n 1 / d —m 1 / d \>(mn) 1 / 2d /Wd 


So = 


s 


|a(n)a(m)| 


n,m<M i nm ) ^ \ nl/d ~ ml/d \ 

0<|n 1 / d —m 1 / d |<(mn) 1 / 2d /10d 


For Si we have 


Si« E 

n,m<M 

\n 1 / d —m 1 / d \>(mn) 1 / 2d /10d 
2 


|a(n)a(m)| 

d+ 2 

(nm) 2 d 


« | £ 11 « «‘- 2/ ' i+e 


, n<M n 2d 


where we used the estimate ^ ~2 n<y |a(n)| -C y 1+£ / 2 , which follows from the second estimate 
of (11.31) and Cauchy’s inequality. 

Next we consider the sum S 2 . By Lagrange’s mean value theorem we have | n 1 / d — 
m 1 / d \ nj d 1 |n — m\ for some uq between n and m. If m,n are contained in the sum 
S 2 , then m x n and hence 

| n}/ d — m 1 ^| S> (mn) 1//2d_1/,2 |m — n\. 


s 2 « e 

riy^m 

«s 

n^m 


\a(n)a(m)\ 


(■ nm) l / d \n — m\ 

1 J 

\ ( a{n) 

\n — m\ ) 

^ y n l / d 


48 


+ 


a(m) 


m 


l/d 


Thus 












1 


«£ 

n^m 


1 a 2 (n) 

n — m\ n 2 / d 


v- fl2 ( ra ) v- 
7 ji^/d 7 ./ 

n<M m^n 


Tl — m 




From the above two estimates we get 
»(1+<5)T 


(8.7) 

We have similarly that 


W 2 (y)dy < T 2 -yd+e M i~ 2 /d 


( 8 . 8 ) 


»(1+<5)T 


W 3 (y)dy < T 2-Vd+e M i-2/d' 


From (18.51) . (18.61) . (18.71) and (18.81) we have 


(8.9) 


r(l+S)T A 

/ «?(»)<& E 

Jt 2 ,„i 


2 00 „2 


a 2 (n ) 


“(1+5)T 


d+1 / 

_ A n d Jt 


d-1 

y d dy 


+ 0(T 2_1 / d+£ M _1 / d + T 2 ~ 2 / d+E M 1 ~2l d '). 
From (USD we have 2c* — 1 — 1/d < 0, so by Lemma 9 we have 


( 8 . 10 ) 


“(1+5)T 


R 2 (y)dy « T^r J 


(1+5)T 


/(-f + L.v.iv,, 


dy 


<T 2_l/d+ £ max p2a* —1—1 / d 
M<P<N 


rj-71—l/d-\-£ j^j-2cr* — 1 — 1/d 

By the definitions of Ri(y) and R 2 {y) we have 


f(l+<5)T 


Ri{y)R 2 (y)dy 

r{l+S)T 


= Re K 0 c 0 0 J 
= Re /ioCoo(7i + 1 2 ) 


yi + ~h’ M ’ N ,y) *22 ~^ cos ( h (y n ) 1/d + c o^)dy 

' ' n<M n 2d 


where 


h = 


"(1+6)T 


yd ^ M i N ,y'j 22 -^ cos ( h (y n ) 1/d + co^dy 


n<M/ 2 
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"(1+6)T 


b ~Jr 

By Lemma 8 we get 


y 1 (~^ +^, M , N ,y) ^2 -^ cos ( h (yn) 1/d + coTr)dy. 

' ' A/f <r" A/T Tl 2d 


M/2<n<M 


h = 22 ~ST L yI (“^ + M ,N,y\cos(h{yn) 1/d + coir)dy 



n<M/2 ' 

Yl 2d J 

< 

E 

\a{n)\ 

d+1 


n<M/2 

n 2 d 

< 

E 

|a(n)| 

d+1 


n<M/2 

n 2 d 

< 

E 

|a(n)| 

d+1 


n<M/2 

n 2 d 


"( 1 +6)T 


yl ,M,N,y \ cos (h(yn) 1/d + c 0 7r)dy 


max P"*-V*-V d 
M<P<N 


< 


rp2—3/2d-\-£j^cr*—3/2d 


By Cauchy’s inequality 
where 

V, = 


(1+5)T 


h « t(vto 1/2 , 


' I-f+ 


dy, 


V 2 = [ ( ^2 “ST cos (Hy n ) 1/d + co^ dy. 

\M/2<n<M n 2d ) 

By Lemma 9 we get 

y l r pl—2/d+Ej^2(T*-l-l/d 

By using the same approach of f-j 1+S ’ >T R?(y)dy, we get 

C 2 < T 1+£ M _1/<i + T 1_1 / d+£ M 1_2 / d . 


Thus 

rj-i2—l/d-\-£j^j-cr* — l/2—l/d _|_ rj-t2—S/2d-\-£j^/j-cr*—S/2d 

From the estimates of + and / 2 we get 

r(l+S)T 


( 8 . 11 ) 


Rl{y)R 2 (y)dy < T ^/d+e M <r*-l/2-l/d + T 2-3/2d+e M ^-3/2d^ 


Combining (|8.9j) . (18.101) and (18.111) we get 

r(l+S)T „ K 1 °° „ 2/ r) ' 1 r (l+5)T 


( 8 . 12 ) 


k 2 „ 2 f \ f 

Kfdy = ^ 2 :^U / 

ra=l n d Jt 


d-1 

y d dy 
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_|_ Q(rp2—l/d+Ejy^2cr*—l — l/d _|_ rj-i2 — 2/d+£j^l—2/d^ 

where we used the following estimates (since u* > 1/2) 

rj-i2—l/d-\-£j^j-—l/d rj^2-l/d-\-£-^2(T*—l — l/d 

rj-<2—1/d-\-ea* — 1/2—1/d rjn2-l/d-\-£j^j'2a*—l—l/d 

rp2-3/2d+efyja* -3/2d ^ f j,2-l/d+e^2a*-1-1/d\ 1//2 f j,2-2/d+s^1-2/d\ 1//2 


8.3 Upper bound of f/ +S>T K\dy 
By Cauchy’s inequality and Lemma 9, we have 

r(l+S)T 


R^y)dy 


< J2 T ~ 21 [ 

0 <l,m<J Jt 
l-\-m> 0 

« T T 


(1+<5)T 


,-2l+l+±+ 2l - 2m 


3 1 l — m 


I -x + ^ + 


2 2 d d 


M, N, y 


dy 


_ 4 m+i + “ 


*(l+5)T 


0 </,m< J 

Z+m> 0 

« E r 

0 <l,m<J 
0 

= S3 + S4, 


t 1 3 1 / m. 

/| -2 + M + — 


dy 


7 1 1 1 1 1 21 — 2 m 1 -1 2 1 1 1 1 2 Z— 

~ 4l + 1 +i+——+ 1 ~d+ s max P 2ff - l ~d + — 

M<P<N 


say, where 


S 3 = ^ T” 4i+1+ ^ +2L d^ i+1_ 3 +£ max P z “ " d '—d 


0 <l<m<J 
l+m> 0 


M<P<N 


S 4 = £ T 


_ 4;+1+ l +2i ^ + 1 _2 +E 


max P 

M<P<N 




0 <m<l<J 

For S3 we have by (11.51) that 

S 3 <C ^ T~ 4i+1+ 3+ 2, L 2m +1_ I +!r M 2o '* _1_ 's+- 


0 <l<m<J 
l+m> 0 


^ rji2—l/d+£j^j-2(T* — l—l/d ^ ^ rj^—2m/d^—2rn/d 

l<m<J 

I rj-i2—l/d-\-£j^j-2cr* — l—l/d ^ ^ rp—Al-\-2l/d^ / j-2l/d ^ ^ rjn—2rn/dj\^j-—2m/d 


Kl<J 


l<m<J 
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rj-t2—S/d-\-£j^/j-2a* — l—S/d 


For £4 we have (since cr* > 1/2 and recall IV = [T 


2d—1—e 


]) 


s 4 < H T 

0 <m<l<J 


-4; + l+i + 2i^ + l-2 +e 2( r*-l-I + i 


^ rjn2— 1/d-\-e — 1—1/d ^ ^ rp—2m/dj^j-—2m/d ^ ^ ^ 

0<m<J ra+l</< J 

< ^- rji2— 1 /d-\-£jy2cr* — 1 — 1/d 


a 1 \ 21 21 

-4/ +"j N~ 


From the above estimates we get 
"(l+'b'T 


(8.13) 


/■U +0)1 

j R 2 {y)dy <C T 2 ~ 3 / d+£ M 2a *~ 1 ~ 3 / d _|_ j> 2 -i/d+ejy 2 < 7 *-i-i/d. 


By Cauchy’s inequality and Lemma 10, we get (recall that N = [T 2d 1 £ ]) 

(8.14) 
r (i+s)T 


R \{y)dy 

JT 

< J2 T 2k J 


( 1+S ') T l . 2 jU i 1 i 1 2k+2m 

{y + -) 2k+1+ * <• 

/ T 

0 <l,m<k 

< J2 T 4 fc+ 1 + ^-^ i+ 1 -3+ £ lV 2 < 7 ‘~ 1 -s- 


T , 3 1 k + ?n Ar l 

![-- + — -;— ,N,oo ,y + - 


2 2d 


2k-\-2r ) 


0 <Lm<k 


<T 4 


4fc+2—1 —^+£ — 1—4 — ^ 


'd dT +£ N 


1 2k 


d~~d < T d +£ N 


For R§(y) we have trivially that 


(8.15) 


-(l+<5)r 


Ri(y)dy < 


T 1 / 2 , if d = 2 , 

T 2-3/d+£ M l—3/d ; if d > 3. 


For R.fi(y) we have trivially that 
r (l+«5)T 


(8.16) 


Rl(y)dy < ^2-i/d+£ M 20-i-i/d+£_ 


Next we estimate J^ 1+S ' >T R 2 (y)dy. Trivially we have 


/•(1+5)T 

/ R-7(y)dy < 

d T I 


-R? (y)dy 


T<n<(l+5)T+1 


In— 1 
f^n—k/T 


dy 


< 


pn—K/i _ nn 

/ ^ 7 ( 2 /)%+ / R r(y)dy- 

'■ 1 1 1 ^ n_1 T<n<(l+(5)r+l dn-k/T 


T<n<(l+d)T+l 


52 



It is easy to see that 


R 7 (y) = E{y) - / E(y)dY k = / (E(y) - E(y))dY k . 


Suppose n — 1 < y < n. If n — l < y < y < n, then by the definition of E(u ) we get 
E(y) - E(y) = Q(y) - Q{y) « T” 1 max Q'(u) « T” 1 log"* T; 

y<€.u<€.y 

otherwise if y > n. then 

E{y) - E{y) = Q{y) - Q(y) + o(n)/2 « T” 1 log"* T + |a(n)|. 

Thus we have 

rn—k/T 


'n— 1 


E 

T<n<(l+5)T+1 ' 

nn 

x: / 

T<n<(l+5)T+1 Jn ~ k / T 

Hence we get 


« T- 1 log 2 ”* T, 

< T" 1 log 2 ”* T + T” 1 X] a 2 (n) < T e . 

n<T 


(8.17) 


r-(l+5)r 


R 2 (y)dy « T e . 


The first term in the right hand side of ([8. 131) is absorbed in the right hand side of 
(18.151) . Furthermore from the assumption M <C N 1 / 2 and 1/2 < <r* < 1/2 + l/2d, we have 


N 2a*-l-l/d < M 2(2+-l-l/d) 


and also 


M 20-l-l/d < M 2(2a*-l-l/d) 
by 0 < 1/2 — l/2d. Hence from (I8.13I) - (I8.17D we have 


(8.18) 


f(l+<5)T 


K%dy < r 2 - 1 / d+e M 2 ( 2<T *- 1 ” 1 / d ) + 


T 1 / 2 , if d = 2, 

T 2-3/d+e M l-3/d’ if d > 3 . 


8.4 Proof of Theorem 1 

Now we take M such that 
(8.19) M x 


and 



= 0 , 

< T e+£ , 


if 6 (n) > 0 (n > 1 ), 
otherwise. 


53 











By noting that er* = 1/2 for d = 2, we can see easily that M <C IV 1 / 2 for any d > 2. 
Then the formula (18. 121) becomes 


( 8 . 20 ) 


■(i +S)T 


2 00 

Ei 




a 2 (n) r( l +fi) T d _ 1 2 _ 3 - 4 <t* _, 

V 7 1 y~dy + 0(T “(i-*)"i + ). 


From (18.181) . (18.201) and Cauchy’s inequality we get 


( 8 . 21 ) 


f(l +S)T 


KiK 2 dy < T 2-l/d+e M (2<r*-l-l/d) + 


o_ 3 - 4 a* , 

^ 2d(l —cr* ) —1 ” l_£ 


T £ , if d = 2 

T 2-2/d+e M (l-3/d)/2 j if ^ > 3 


where the last inequality follows from the choice of M (18.191) . It is also seen easily that 

»(1+<5)T 


( 8 . 22 ) 


/; 


iqdy < T 2 d(l — cr *) 


9 __ , 


by (18.181) and the choice of M. Hence from (18.201) . (18.211) and (18.221) we get 


(8.23) 


r(l+5)T 


e 2 (# = fE 


Kn x— ' a 2 (n) 


■(1+<5)T 


y^dy + 0(T 2 2d ( i-<r*>- 1 ^) 


r+£\ 


9 / ^ d+i 

=i n d 


Finally from (18.231) we get 


f T E 2 (y)dy = E / ( T £ 2 (y)% + 0(T 25 ) 


o<i< 


\ ^ ^6 \ " fl2 ( n ) [ 
2 E 9 ^ ±ti 

■ -lo k t n=l n d ' 


a 2 (n) f (l+sp , 

' V d dy 

T 

U+Sjj+T 


+ E o 

0 <J<^ 


T 


(1 + <S)J 


o 3 — 4 cr* . 

Z 2d(l-tT*)-l +E 


+ o(t 2S ) 


2 n =1 V 


3 — 4 cr 

2d(l —<r* ) —1 


+£ 


8.5 Proofs of Corollaries [1] and [2] 

We first prove Corollary |T} Suppose that 0<$<l/4isa real number and C(s) € S^eai 
is a function of degree 2. In this case it is well-known that 


(8.24) 


|£(l/2 + it)\ 2 dt <C T 1+£ , 
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namely, we have a* = 1/2 < 3/4. So Corollary Q] follows from Theorem 1. 

Next we prove Corollary^] Suppose that 0 < 0 < 1/3 is a real number and £(s) G S® eal 
is a function of degree 3 which can be written as £(s) = £i(s)£ 2 (s), where C\ (s) G S d real 
is a function of degree 1 and £2(5) G < S ^ ea[ is a function of degree 2. We can show that 

(8.25) [ |£(5/8 + it)\ 2 dt <C T 1+£ . 

Jo 

Hence we can take a* = 5/8 in (11,41) and the assertion (11.81) follows from Theorem 1. 
Furthermore if we assume m, we can show that 


(8.26) 



|£(7/12 + it)\ 2 dt < 


rpl+e 


Hence we can take a* = 7/12 in this case and we get a better assertion (11.101) . 

In order to prove (18.251) or (18.261) , we follow a method of Ivic [22]. In [22], Ivic treated 
the automorphic £-function attached to a cusp form over SIZ^Z). Our proof for the 
general case is due to Ivic with some modifications. So here we give a detailed proof. 


Lemma 11. Let t± < ■ ■ ■ < tj j be real numbers such that T < t r < 2 T for r = 1,2,..., R 
and |t r — t s | > log 4 T for 1 < s r < R. Suppose V and 1 <C M <C T c (C > 0) are large 
parameters such that 


T £ < V < 


Y a(n)n a itr 
M<n<2M 


with 


(8.27) 


|a(n)| 2 < M 1+£ , 

M<n<2M 


then we have 

R < ( M 2 - 2a V~ 2 + TV~^)T £ 

for 1/2 < a < 2/3. 


Remark to Lemma 11. This is the case 1/2 < a < 2/3 of Lemma 8.2 of Ivic 11 Oh where 
Ivic supposed the condition a(n) <C M £ for M < n < 2 M. However we see easily from 
Ivic’s argument that this condition can be relaxed to the condition (18.271) . 

Lemma 12. Let 0 < 9 < 1/3 be a fixed real number and let £(s) be an element of S®. eal 
with degree 2. Then we have 

(8.28) [ \£(a + ity^Ut < T 1+s 

Jo 
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for 1/2 < a < 2/3. Especially we have 


(8.29) 

[ £(5/8 + it)\ 8 / 3 dt <C T 1+e . 

Jo 

Furthermore if we 

assume 

(8.30) 

r T 

/ £(1/2 + it)\ 6 dt <C T 2+£ , 

Jo 

we have 


(8.31) 

[ |£(cr + it)\ 2 ^ 3 ~ Aa) dt < T 1+e 

Jo 

for 1/2 < a < 5/8 

. Especially we have 

(8.32) 

r T 

/ £(7/12 + it)\ 3 dt <C T 1+£ . 

Jo 

Proof. We follow the approach of Ivic [22]. Suppose T < t\ < t 2 < ■ ■ ■ < tn < 2 T such 
that 

(8.33) 

|£(cr + it r )\ > V >T £ 

and 

| t r — t s | log 4 T (1 < r / s < R ). 

Suppose that 

£(s) = ^^a(n)n -s , Res > 1. 

ri> 1 

From the formula 

(see (A7) of Ivic [19]) 


p b+ioo 

e~ v = (2tt i)- 1 / r (w)v~ w dw (b,v > 0 ), 

J b —zoo 

we have 


(8.34) 

| />2+ioo 

Y a(n)e~ n / y n~ s = - — T / T(w)Y w £(s + w)dw, 

^ J ZjTTI J o_ 7 * nn 

n> 1 J Z ioo 

where 1 <C Y <C T A is a parameter to be chosen later and A > 0 is an arbitrary constant. 
Let s be anv one of a + it„ with er > 1/2 in (18. 3411. Moving the line of integration to 
1/2 — a in (18.3411 we get bv the residue theorem that 


£(») = ^ 2 a ( n ) 


e~ n ! Y n~ s - 


n> 1 


2iri 


rl/2—cr+ioo 
1/2—a—ioo 


r (w)Y w £(s + w)dw + 0(T 


-B\ 
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where B > 1 is a large fixed constant. So we get 


£(<t + it r ) < 


£ °( 


n)e~ nlY n~ a ~ iu 


+ y 1/2 ' 


/•log 2 T 

/ |£(l/2 

7- log 2 T 


n<Y log 2 T 

which implies that if (18.331) holds, we must have 


+ it r + iv)\dv + 1, 


(8.35) 


V < 


Y a{n)e~ nlY n- a ~ iu 

n<Y log 2 T 



<C log T max 


Ni< y Io | 2 t 

or 

/-log 2 T 

(8.36) 

y<y 1/2_CT / 


J- log 2 T 


Y a{n)e- n/Y n~ a - iu 

Ni<n<2Ni 


Let A\ be the set of points t r which satisfy (|8.35|) and A 2 the set of points t r which satisfy 
(18.361) . We also let R\ = |^4i| and R? = \A 2 \, whence R = R\ + i? 2 - 
For R\ we have 


(8.37) 


Ri < t £ (Y 2 ~ 2a V~ 2 + Tl/ -2 ^ 3-4 ^) 


by Lemma 11. 

Now we are going to estimate i? 2 - Since t r € A 2 satisfies (18.361) we have by Cauchy’s 
inequality 


V < y 1 / 2 -' 7 log T ( [ S \Z{l/2 +itr+ iv)\ 2 dv ) 
\J- log 2 t ) 

Squaring both sides and summing up over t r E A 2 , we get 

rlog 2 T 

(8.38) R 2 < y^y^logT) 2 > / |£(l/2 

t r £ A ~ ~ lo^ 2 T 

< Y 1 ~ 2rT V~ 2 (iog T) 2 J 

^ Y l~2cr^ —2jil+£ 


^ I / 2 


t r eA2 J - log 
r 2T+log 2 T 


'T 1 —log 2 T 


+ it r + iu)| 2 cfe 


|£(l/2 + iu)| 2 du 


where in the last inequality we used the mean square estimate (18.241) for £(1/2 + it) of 
degree 2. Hence as a first estimate we get, from (|8.37l) and (|8.38l) . 


(8.39) 


R <C T e ^Y'2-2ay-2 rjny-2/(3-4a) _|_ Y l ~ 2u y- 2 J^j 
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We shall derive another estimate for R 2 . It is convenient to consider the conditional 
case first, so we assume (18.301) . This time we use Holder’s inequality in (18.361) . Thus we 
have 

, , / r l °s 2 T 

V < y 1/2 " ff (logT) 5 / 3 / |£(l/2 + it r + iv)\ 6 dv 

~ log 2 T 

and 

/-log 2 T 

(8.40) < y 3 “ 6CT y 6 (logT) 10 V / |£(l/2 + it r + iv)\ 6 dv 

t r eA 2 J ~^ T 
/»2T+log 2 T 

<y3- 6CT y-6( log T)io / |£(l /2 + zu)| 6 du 

Jt- log 2 T 

^ y^3—6cr^—6^2+e 

Hence (18.371) and (18.40(1 give the second estimate 

(8.41) R < T £ ^ y 2 ~ 2<j V ~ 2 + Tr 2/(3 “ 4ff) + Y 3 ~ 6a V~ 6 T 2 ^j . 

If y < T( 3 - 4 ct )/ 4, we apply (18.391) with y = T. Then 

R < (y 2-2fr y -2 + + TY l ~ 2a V~ 2 )T £ 

< (T 2-2<T y-2 + TV~3~^)T £ 

< T 1+f p-3^ 

by recalling the condition V" < J 1 ! 3 - 40- )/ 4 . Next if V > 7 1 ( 3 ~ 4o ')/ 4 ) we apply (18.4111 with 
Y = T 2 / 1 40 ' -1 ) y -4 /( 4<T_1 ) + 1 an d get 

i? <C ( Y 2 ~ 2a V~ 2 + TV~^ + t 2 Y 3 ~ 6ct V~ 6 )T £ 

2 4—4cr 6 

< (Ty 3-4a+T4a-iy 4o-l )T ? 

< r 1+e y~3^ 

5— 80 - 4(5—8a) . . 

if T 4 ^- 1 < y ( 4 o-i)( 3 - 4 o) ? which is true when y > T , ( 3 ~ 4o ')/4 an d 1/2 < cr < 5/8. Summing 
up, if 1/2 < a < 5/8, 

i? < T y-2/( 3 -4<T) 

holds true for all V, completing the proof of (18.311) . 

Next we shall prove (|8.28l) . We use the fourth-power mean value theorem: 

(8.42) [ |£(l/2 + it)| 4 dt< T 2+£ , 

Jo 
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which is known to be true unconditionally (see e.g. Kanemitsu, Sankaranarayanan and 
Tanigawa [2S]). By the similar way we have 


(8.43) 


R <C T £ ( Y 2 ~ 2a V~ 2 + TV~ 2/{ ~ 3 ~ 4a) + Y 2 ~ 4a V~ 4 T 2 


from (|8.421) . If V < T 1 a , we take Y = T in (18.391) and get 

R<^T e (t 2 ~ 2c7 V~ 2 + TV-VP- 4 "')) <C T 1+£ V~ 1 ^ l ~ a ^ > 


On the other hand if V > T 1 a , we take V = (TV 1 ) 1 / CT in (18.431) and get 

R <C T 2 -‘ 2a )/ r7 y-‘ 2 / a + TV~ 2 ^ 3 ~ 4(yS> -C . 

Therefore the estimate 

r ^ T \+e v -l/(l-a) 

holds true for all V for 1/2 < a < 2/3. This completes the proof of (|8.28|) . 

Now we prove ([8.251) and (18.261) . Recall that £(s) = jC.i(s)jC. 2 (s), where £i(s) € S^ eal 
is a function of degree 1 and C- 2 (s) € S^ eal is a function of degree 2. By the work of 
Kaczorowski and Perelli EH it is known that the functions of degree one in the Selberg 
class are the Riemann zeta-function ((s) and the shifts L(s+ix) of Dirichlet T-functions 
attached to primitive characters x with £ R. So we have 



and 



o 


Hence by Holder’s inequality and (18.291) 


■T 



■T 


|£(5/8 + it)\ 2 dt = / |£i(5/8 + it) € 2 ( 5 /8 + it)\ 2 dt 


< T 1+£ . 


Assume that (1 1.9 1) holds. Then by 



•T 


and 
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(this comes from (18.321) ). we have 

\C{7/12+ it)\ 2 dt^T 1+e 
similarly. This completes the proof of Corollary 2. 



9 Proofs of Theorem 2 and Theorem 3 


We shall follow Heath-Brown’s argument m to prove Theorem 2 and Theorem 3. We 
first quote some results from H5J. The following Hypothesis (H), Lemma 13 and Lemma 
14 are Hypothesis (H), Theorem 5 and Theorem 6 of [15] . respectively. 

Hypothesis (H): Let M(t) be a real valued function, a\(t), a 2 (t), ■ ■ ■ , be continuous real 
valued functions of period 1, and suppose there are non-zero constants 71,72, • • ■ such that 


lim lim sup — 

7V-UX) t _ yoo T 



M(t) — E a n fiy n t) 


n<N 


dt = 0. 


Lemma 13. Suppose A4(t) satisfies (H) and suppose that the constants 7* are linearly 
independent over Q. Suppose further 


a n {t)dt = 0 


(n € N), 


00 

V / a n(*) dt < 00 > 

n=l 


and there is a constant p, > 1 such that 

max |a n (i)| <C n 1_/i 
te[o,i] 


lim n^ 

n—>• 00 


f 

Jo 


a^fifijdt = 00 . 


Then A4(t) has a distribution function f(a) with the properties described in Theorem 2. 


Lemma 14. Suppose A i(t) satisfies (H) and that 

\M(t)\ K dt <C T 

holds for some positive number K. Then for any real number k € [0, A"), the limit 

lim 1 [ T \M(t)\ K dt 

T-^oo 1 J 0 

exists. 
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Suppose T < y < (1 + 5)T, define 


M{y) = Kq X { 2 tt/K) Vy d 2 1 E((2n) d h d y d ), 

, \ Qd(n) ^ a(nm d ) 

«n(z/) = “ 5 +r 2^ - i +^cos(27rym + c 0 7r), 

n 2 d m=1 m 2 


and 


where q c i( n ) is 1 if n is d-free and 0 otherwise. 

It is easy to see that a n (y) satisfies all conditions of Lemma [13] for any fixed constant 
1 + 1/d < [i < 3/2 + l/2d. 

Now we suppose Mq x T 2 ^ 1 -**)- 1 such that E{Mq) <C T de+£ and Nq = T d ^ 2d ^~ £ . 
By (18.41) we have 


M{y) = Mi{y) + M 2 (y), 

Mi (y) = Y ~inT cos hnyn 1/d + c 0 tt) , 

1 <n<Mo n 2d 

7 

M 2 {y ) = KQ l {2TT/h)~ ± ^'y~^ ^2R j ((2'K) d h~ d y d ), 

3=2 

where Rj(y) is defined in Subsection 8.1. 

It is easy to see that for any integer N\ < Mq we have 


I M(y)~ Y a n(lny)\ 

n<Ni 


< 


Y * '^ET c°s(2vr yn 1/d + c 0 tt) 

n<M 0 n 2d 


E l y - |a(nm d )| 

m (d+1)/2 

n<Ni m>(Mon 1 ) 1 / d 


+ \M 2 (y)\ 


< 


Y * “ST cos ( 27r 2/ nl/d + co 71- ) 

n<M 0 n 2d 


+ iV 1 1_1/d M 0 6 ' +1/2d_1/2+£ 


+ |-A^ 2 (2/)|, 


where J^* means that n has a d-free kernel great that N\ , and for the sum involving a{nm d ) 
in the above formula we used the first estimate of (USD and the condition (9 < 1/2 — l/2d. 
Similarly to the approach of (18.91) we have 


f(l +S)T 


£' 

n<Mo 


cos(2vr?/n 1/d + c 0 tt) 

n 2 d 


2 

dy 
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v—> * Q? (ti) v—*\ 

«r £ -44 + £ 


\a(n)a(m)\ 


n<M 0 n d+dl {nm) d ™ \v}/ d - m}/ d \ 

n,m<Mo 

2 / 


« T E ^ + M o~ 2/<i l °s v Mo 

n>N i n d 

< TAT“ 1/d+£ + M 0 1_2/d+e . 


Let M 2 {y) = J2j=2 R j(y)> tlien -^(y) = y )• From (18.101) , (|8.13|) (18.171) 


we get 

r(l+S)T 7 

/ M?(y)dy < V 

7t ,= 2 - 

which combining a change of variable implies that 


(1+<5)T d+l-2da* , 

Rj(y)dy -C T 1 2 d ( i- CT *)-i+ £ ; 


-(1+5)7’ 


1 /J a +1 — 2acr , _ 

M 2 2 (y)dy < r 1/d_ “u—)-i +e < T" c 


for some positive constant c > 0. 

From the above estimates and Cauchy’s inequality we get 


^ /*2T _^ 2 

limsup— / M{y) - Y] a n (j n y) dy < JVj 

T^-00 1 JT ~"T r 


n<ATi 


T — 1 /d+e 


and whence Hypothesis (H) follows. From Lemma 13 with y = 5/4 + 3/4d we get Theorem 

2 . 

From Theorem 1 and integration by parts we get easily that 

S/”^%)) < F, 

hence Theorem 3 follows from Lemma [IT] by taking A4 (y) = y~^r E(y). 



10 Some applications of our main results 

In this section we consider some applications of our results. 

10.1 Some functions of degree 2 

Example 1: The Dirichlet divisor problem. The first example is C 2 (s) 6 S? eal . Since 

OO 

£ 2 (s) = 'Y d(n)n~ s Res > 1, 

n=1 
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where d(n) is the divisor function, this is the Dirichlet divisor problem. This problem is 
fundamental for all theory and hence has a long history. Let us review some of them. 
Dirichlet first proved that the error term 

E f 

d(n) — xlogx — (2y — l)x, x > 2 

n<x 

satisfies A(x) = 0(x 1//2 ). The latest result is due to Huxley na, who showed that 

A(x)«x 131 / 416 (logx) 26947 / 8320 . 

Cramer [6] proved the classical mean-square result 

f\ 2 (x)dx = |^| r 3/2 + F(r) 

with F(T) = 0(T 5 / 4+e ). The estimate F(T) = 0(T 5 / 4+£ ) was improved to (){T log 5 T) 
by Tong |49j, from which the present work originates. Tong’s result was improved to 
0(T log 4 T) by Preissmann [TO], and recently to 0{T log 3 T log log T) by Lau and Tsang 
(3TJ. For the asymptotic formulae of higher power moments of A(x) see, for example, the 
papers of Ivic and Sargos [33], Tsang m and Zhai |55j . For a survey of the Dirichlet 
divisor problem, see for example, Kratzel EU, Ivic m or Tsang [50 ]. 

Corollary 1 gives F(T) = 0(T 1+£ ). Since our setting of the problem is of general 
nature, it is weaker than the estimate of the form F(T) <C Tlog c T, but is much stronger 
than Cramer’s result F(T) = 0(T 5 / 4+£ ). 

Example 2: The automorphic L -function attached to holomorphic cusp forms over 
5L 2 (Z). Let / be a primitive holomorphic cusp form of weight k > 1 for the full modular 
group SL 2 (Z). (For the sake of simplicity we only consider the form for SL 2 (Z).) Let 

OO 

(w.i) /« = E A f{n)rS k 1 ^ 2 e(nz), 

71= 1 

where e(z) = e 2mz , be its normalized Fourier expansion at the cusp 00. Then the auto¬ 
morphic L-function 

OO 

£{f,s) = ^2 x f( n ) n ~ s 

n= 1 

is an L-function of degree 2 satisfying the functional equation 

(2tt)- £ A( S )£(/, s) = (—l) fc/2 (27r) _ ( 1_s) A(l - s)£(f, 1 - s) 

with the gamma factor A(s) = T (s + Deligne [7] proved that |Aj ( 77 .) | < d(n), so we 

have £(/, s) € S^ eal . It is well-known that 

My) = ^ X f( n ) < y lf3 

n<y 
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and (see Rankin [31] or Selberg [35] ) 

£IM-)I 2 = c/y + 0 (y 3/5 ) 

n<y 

for some positive constant Cf. Walfisz [53] proved that 

A 2 (y)dy = C A T 3 / 2 +0(T log 2 T) 
holds for some positive constant C A > 0. From Corollary 1 we have a weaker result 

A\y)dy = C A T 3/2 + 0{T 1+£ ). 

Example 3: The automorphic L -function attached to Maass forms for SL 2 (Z). 

Let ip be a primitive Maass form for SL 2 CZ), which is an eigenfunction of the Laplace 
operator with an eigenvalue A = 1/4 + r 2 , where r E R. Write its Fourier expansion at 
infinity in the form 

<p(z) = Vv E p(n)Ki r (2ir\n\v)e(nu) ( z = u + iv, u € M, v > 0), 

neZ\{ 0} 

where K ir is the modified Bessel function of the third kind. The corresponding automor¬ 
phic L-function is 

00 

£(<P>s) = £p(n)n -a , 

n= 1 

which is a function of degree 2 , entire on C, with the functional equation 

n~ S A(s)£(<p, S ) = (— 1 ) < 5 7 T~ ( ' 1 ~ S ' ) A (1 — s)C(ip, 1 — s), 

where A(s) = T ((s + 6 + ir)/2) F ((s + 5 — ir)/2) , and 5 is the parity of ip defined by 
4 = 0 if p> is even and <5 = 1 if ip is odd. Kim and Sarnak m proved that 

(10.2) |p(n)| < d(n)n 7 ^ 64 . 

The Rankin-Selberg method implies that 

(10.3) ££(n)| 2 <y. 

n<y 

So we have C(tp, s ) € <S^ eal with 6 = 7/64. 

Hafner and Ivic m proved that 

A r(y) = £p(n) < y 2/5 . 

n<y 




64 


Meurman m proved that 


Mv )« y ^ +£ , 

where fi> 0 is any real number such that p(n) <C n/L 
From Corollary 1 we get 

£ A 2 (y)dy = C Ar T 312 + 0(T 1+£ ), 

where CU,. > 0 is a positive constant. 

10.2 Some functions of degree 3 

Example 1 : Let T> r denote the set of all Dirichlet L- functions corresponding to real 
primitive Dirichlet characters, T> c denote the set of all Dirichlet L-functions corresponding 
to complex primitive Dirichlet characters, / denote a primitive holomorphic cusp form and 
ip denote a primitive Maass form for for some fixed eigenvalue A = l/4+r 2 (r E R), 

respectively. Define 

£h/ = {£(/, s)L(s, x) ■ L(s, x) € V r }, 

V lip = {£(ip,s)L(s,x) ■ L(s,x)e^ r }, 

V 3 = {L(s,xi)L{s,X2)L(s,X3) ■ L(s,Xj) € V r ,j = 1,2,3}, 

V r V c V c = {L(s,xi)L(s,X2)L(s,x£) : L(s,x l) € V r ,L(s,x 2) G V c }. 

Let C(s) denote any function in the set VifUDi^UV 3 \JV r T> c V c . It is easy to see that 
C(s) is a function of degree 3, which satisfies the conditions of Corollary 2. We consider 
only the case C(s) = L(s, x)C{ip, s), where x is a rea l primitive Dirichlet character modulo 
some positive integer. Write 

C(s) = ^^a(n)n -s , Res > 1. 

n> 1 

Then a(n) = Yld\nP(d)x{ n /d)- From the estimate 1110.21) we have a{n) <C d 2 (n)n 7 / 64 . By 
Cauchy’s inequality we have 

o 2 (n) < d(n)^2p 2 {d), 

d\n 

which combining (110,31) gives 

Y a 2 (n) < y £/2 Y /W < 2/ e/2 Y fj2 (d) < y 1+£ , 

n<y dn<y n<yd<y/n 

where we used the bound d{n) <C n £ / 2 . Whence (11.31) holds. 

As an analogue of the sixth moment of the automorphic L-function attached to a cusp 
form [25], we have also 

|£(v?,l/2 + if)| 6 dt<T 2+£ . 
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This estimate can be proved by Jutila’s method analogously. So from Lemma [T2l we have 

|£(7/12 + it)\ 2 dt < T 1+£ , 

namely, (11.41) holds for a* = 7/12, which obviously satisfies (11.51) . So from Corollary 2 we 
have 

E 2 {y)dy = C E T 5/3 + 0(T 14 / 9+£ ), 
where C E is a positive constant. 

Example 2: Let K/Q be a number field of degree k with discriminant d E - The 
Dedekind zeta-function defined by 




(k(s) 


E 

ae£\{ 0 } 


1 

(Na) s 


is an L-function of degree k with the functional equation 

(ir- K \d K \y/ 2 A(s)( K (s) = (tt—|^|) (1 - s ) /2 a(1 - s)( K (l - s ) 

with the gamma factor A(s) = T ri+r2 (|) T r2 where r\ is the number of real em¬ 

beddings of K and r 2 the number of pairs of complex embeddings so that k = r\ + 2r-2- 
The Dedekind zeta-function Ck(s) has a simple at s = 1. 

From now we suppose that n = 3. Let E E {y) '■= Yl n <y a ( n ) ~ A?/, where a(n) denotes 
the number of ideals in £ of norm and A is the residue of Ck(s) at s = 1. Weber and 
Landau showed that 

Ek(ij) = O (y 1 / 2 ) . 

In 1964, Chandrasekharan and Narasimhan [3] studied the mean square of E E (y) and 
proved 

J E 2 K (y)dy = 0(T 5 / 3 i og 3 T y 

In 1999, Y.-K. Lau [33] improved the above result to 

£ E 2 K {y)dy = 0 (t^ 3 log 2 T) . 

Fomenko m followed Tong’s approach and proved that the asymptotic formula 

E 2 K {y)dy = C k T 5 / 3 + O (V 8 / 5+£ ) 
holds for some positive constants C E > 0 with the help of the estimate 
(10.4) \(k(& + it)\ 2 <C T 1+e 
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with a = 5/8. 

When k = 3, we can show that the Dedekind zeta-function Ck(s) can be written as 
(k(s) = £(s)£ 2 (s) such that where £ 2 ( 5 ) E S® eal is a function of degree 2 satisfying the 
condition (11.91) . When K/Q is a normal extension, from Lemma 1 of W. Muller [32J we 
know that (k(s) = Ci s )L(s, xi)L(s, %T) for some primitive Dirichlet character xi- So we 
have Ck(s) = C(s)£ 2 (s), where C 2 (s) = L(s,xi)L(s,Xi) satisfies (11.91) via Meurman [ 55] . 

When K/Q is a not normal extension, from the formula (1) of Fomenko [TO] we have 
Ca'(s) = ((s)L(s, F), where F is a holomorphic primitive cusp form of weight 1 with 
respect to To(|dir|) and L(s,F) is its corresponding automorphic L- function of degree 2. 
We have the estimate 

|L(l/2 + it, F)\ e dt <C T 2+e . 

The proof is also due to Jutila [25]. who proved it in the case of a holomorphic cusp form 
F of even weight with respect to 6 X 2 ( 2 ). His proof can be applied to L(s,F), too. 

From Lemma [12] we see that (110.41) holds for <7 = 7/12. So from Corollary 2 we get 

£ E 2 K (y)dy = C k T 5 / 3 + O (V 14 / 9+£ ) , 
which is a slight improvement to Fomenko’s result. 

10.3 Some examples of degree 4 

Example 1. Let T> r denote the set of all Dirichlet L- functions corresponding to real 
primitive Dirichlet characters, T> c denote the set of all Dirichlet L-functions corresponding 
to complex primitive Dirichlet characters, / denote a primitive holomorphic cusp form and 
(p denote a primitive Maass form for 6 X 2 ( 2 ) for some fixed an eigenvalue A = l/4 + r 2 (?’ E 
M), respectively. Define 

= {C{f,s)L(s,xi)L(s,X2) ■ Xj) € TV, J = 1,2}, 

V 2 tp = {£{<P,s)L(s,xi)L(s,X 2 )'■ L{s,Xj) € TV, J = 1,2}, 

4 

= (II Aj) : L ( s > Xj) € T>r, 1 <j< 4 }, 

3 = 1 

V/.V C V C = {L(s,xi)L(s,X2)L{s,X3)L(s,X3 ) : L(s,xi),L(s,X 2 ) € V r ,L(s,x 3 ) € V c }, 
2 

{V c V c f = {Y[L(s,Xj)L(s,Xj) ■ L{s,Xj) € T> c ,j = 1,2}. 

3 =1 

Suppose £(s) is any function in the set 

V 2f U V 2 „ UD 4 U V 2 r V//D c U (V C V/) 2 U {£ 2 (/, s), C 2 {p, a),£(/, s)C(<p, a)}. 
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Obviously £(s) is a function of degree 4. From Lemma [T 2 l it is easy to see that 

(10.5) J |£(5/8 + it)\ 2 dt <C T 1+£ . 

For the mean square of E(y ) corresponding to C(s) we have 

(10.6) T 7 / 4 <^ £ 2 (y)dy<T 7 / 4+£ . 

The left inequality in (110.611 follows from Theorem 5 directly. The proof of the right 
inequality in (110.61) is the same as the case k = 4 in Theorem 13.4 of Ivic [19] with the 
help of (110.511 . So we omit the details. We note that the upper bound in (110.611 is already 
proved in Ivic | 22 j when C(s) = C 2 (f , s). 

If we could find a number 1/2 < (Jq < 5/8 such that 

|£(<t 0 + it)\ 2 dt <C T 1+£ , 
then from Theorem 1 the asymptotic formula 

(10.7) s: E 2 {y)dy = C±T 7 ' 4 + o(T 7 / 4 ~ 5c ) 

would hold, where C 4 > 0 and 5c > 0 are positive constants. The formula (10.7) implies 
that the estimate ( 10 . 6 ) is best possible. 

Example 2: The error term in the Rankin-Selberg problem. 

Let / be a primitive holomorphic cusp form of weight k for the full modular group 
SL 2 (Z) and its normalized Fourier expansion at the cusp 00 can be written as (110.111 . The 
corresponding Rankin-Selberg zeta function defined by 

OO 

£(/®/,s) = ^2c(n)n~ s , c{n)= ^ |A/(n/m 2 )| 2 , (Res>l) 

n= 1 m 2 \n 

is a function of degree 4 satisfying the functional equation 

(2vr) _ 2 s A(s)£(/ ®f, s ) = (2tt) - 2(1-s) A(1 - s)£(f < 8 > /, 1 - s) 

with the gamma factor A(s) = r(s)T(s + k — 1 ). 

Rankin m and Selberg [|5] proved independently that 

^2 c(n) = C f y + E(y), E(y) = 0(y 3/5 ), 

n<y 

where Cf > 0 is a positive constant. From Deligne’s estimate |Ay(n)| < d(n) we have 

( 10 . 8 ) c(n) < d 2 (n)d( 1 , 2 ; n) < d 3 (n) <S n £ , 
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where d(l,2;n) = Y^ n =m 2 d 1 ^ d ( n )- We write c ( n ) = Y,n=m?d\ X f( d )\ 2 ■ % Cauchy’s 
inequality we have 

c 2 {n) < d(l, 2 ; n) ^ |A/(d )| 4 < n £ Y |A/(d)| 4 , 

n=m 2 d n=m 2 d 

where we used d(l, 2; n) <C n £ . So we have 

(10.9) ^c 2 (n)<?/ £ l A /( d )| 4 

ra<2/ m 2 d<y 

«y‘ E E l A /« 

m<y 1 l 2 d<y/m 2 

^y £ Y y/ m2< ^v 1+£ i 

where we used the estimate in Lii [35] 

2 |A/(?r )| 4 < y. 

n<y 

The estimates (110.81) and (110.91) show that (11.3D holds. 

Ivic (21J proved that 

J £ 2 (z/)dy<T 1+2/3+£ , 

where /3 = 2/(5 — 2/x(l/2)) with /z(l/2) satisfying £(1/2 + zf) <C (|i| + l)^(V 2 )+ e . Hux¬ 
ley’s best bound [15] /i(l/2) < 32/205 implies (3 < 410/961 = 0.4266 •• • . The Lindelof 
Hypothesis implies f3 < 0.4. In [20] Ivic even conjectured 

rT 


( 10 . 10 ) 


E\y)dy < T4+ £ . 


The estimate (I10.10D . if it is true, is best possible. Since from Theorem 5 we have 

r T 

> TT 


J E 2 (y)dy 


If we could find a ctq < / such that 


\£{f ® /, ctq + it)\ 2 dt < T 1+£ , 


'i 


then from Theorem 1 we would have the asymptotic formula 

pT 

j E 2 (y)dy = C f Tl+o(rl - 6 /) 
for some positive constants Cf > 0,5f > 0. 
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